" Lecture 9
Electrons in Crystal

Nearly free electron model
Tight binding model



Bloch’s Theorem

e See Note

Form 1 of Bloch Theorem |BL translation eigenstate, Crystal momentum eigenstate

Y, ~[1 +R] = 0\1)(3?1 I?)a‘;( ) for any IR <BL.

Form 2 of Bloch Theorem |Bragg diffraction of plane wave; Nearly free electron|
T = -
(2 nﬁ ZC n G (‘{]7 |:?”t -+ (7) - q

Form 3 of Bloch Theorem |[Modulated pldll(‘ wave; Nearly free electron)|
P #(T) = (ﬁ{p(zﬁ T ff('_?) where u _~(1 —1—1?] =u, ~(; ) for any R BL.

nk

Form 4 ()f Bl()( h The oreim |Modulated local wave function:; phonon or tight-binding electron|

= pexpl (ik - B)on (7 — R)

Y nF



Dynamical Origin of Bloch’s Theorem

e Hamiltonian H =T +V
* In the plane wave basis,
H =2, ¢ [kXk|H|k+G)Xk+G|

As T is already diagonal, it only needs to be seen that
V=2 e [kXKIVIKKXK| = 2, ¢ kXK Vk+G)XK+G].

The last step is the most important (G = R.L. vector),
following from the translation symmetry of the crystal.

e Thus, an eigenstate = X, ; C(G)|k+G)

Ik, kK’



Energy

Zone Folding Picture of Bloch’s Theorem
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Procedure to solve for any crystal potential (not only for weak potential)
|. Start from plane wave

2.  Fold the free electron band to the first Brillouin zone

3. Solve the block matrix of H for states along a vertical line
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Zone-Folding and dimensionality

a=3.83A

| dimension

a=3.83A
2D square lattice
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Equation of Motion

0 X % matrix !

r
\ r , '
\ { ( . y
N /

V@) N E\/(l? V(z) \/(rs)
V(2) \/(r) Ny E vm Wz)#.
1) \/({) L-Fé’f V(f) -




Toy Problem (Kronig-Penney)

V(x) = Aa Z 6(x —na)

p=1
1 , 1 , _ 2m
V(G) = Z_[ dx V(x) exp(—iGx) = ZAa Z exp(—iGna), G = integer X —
0 n=1 o a
VG) = ~aan = 22— 4 1=-> 4
= —Aa = —= -
L L n=_oo/1k—21'm/a —E
N = 0 , . _ K o
mny = 1
A —E)C(k) + A Z C(k—7>—0 2m cot(x) = Z ——
o n=-—oco hZPZ n=-—oo
2nn A= a bit of math
fi= Y c(k—T) 2m N
n=:40;(k) R i 1 B a?sin(Ka)
= _ 2mA 2 T 4K ka) — cos(K
C (k) W E m o] (k B %) _ k2 a(cos(ka) — cos(Ka))
2mm )
f (k —~ —) =f(k), m=anyinteger Psin(Ka)
a Ka + cos(Ka) = cos(ka)
- 27Tn - Af (k)
f(k):zc( _T>=z_/1 >
N=—00 n=—oo k—2nn/a B mAaZ

~ 2h2



Toy Problem (Kronig-Penney)

p mAa? )
+ cos(Ka) = cos(ka) "~ 2h2 a=3.83A
P=6

P sin(Ka)
Ka

Energy (eV)
50
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Energy (eV)
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Toy Problem (Kronig-Penney)

Standing Wave (Group velocity = 0)
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Good News! 2x2 Problem!

Consider a

Hamiltonian for two 0 \Y

states |0>, | I> V=|V|exp(id)
interacting with each V* 0

other

Eigen-values = + |V
lgen-values VI Equal parts of |0> and |I>

Eigen-state = |0> - exp(-id) |1>, for Eigen-value = -|V| (ground state)
|0> + exp (i0) |1>, for Eigen-value = |V| (excited state)

Up to a normalization factor (1/sqrt(2))

“Anti-Bonding”  V real negative (6=nt) V real positive (6=0)

|O> -| |>
degenerate / V|
\ ‘ VI
10> +|1> |0> -|1>

“Bonding”

|0> +|1>




In the limit of weak potential (2x2 approx)

At k=mt/a, wave function is equal mix of k and k+G
— Standing Wave (group velocity = 0)

> dE/dk=0
_EHV(G)]
R =
E, - [V(G)]
(e
LN

Energy (eV)

General condition that energies are the
same

k| = [k-G]
Perpendicular bi-sector planes that we used
in defining the BZ (Wigner Seitz Cell)!

-1t/a k mt/a
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