" Lecture 8
Free Electrons

“Free electron” is like free lunch



Born — von Karman on Electrons
e One Dimension

l/)(x) = l/)(x + L) Born — von Karman

boundary condition

Length of ring = L
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x) =—ekx | =— n = integer
P(x) N 7 g
h?k?
Quantum Numbers p = hk, €= , Sz =
2m

e D - Dimensions

Generalize ring to a torus (2d), a cube with periodic boundary (3d) etc.
Define D as spatial dimension.

Y(x) =yYP(x+ L) L=(LL,..,L) D — vector
_ R 2mn; o _ 5
Y(x) = —e'™*, ki=——, 1=1..D, n; = integer, V=L
VvV L
h%k? 1
Quantum Numbers p = hk, £ = , S, ==h
2m 2

Will consider only D=3, from now on in this note.



Free electrons: Fermi Sea at T=0
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Fermi-Dirac Statistics and Number of particle numbers
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/ 0 o
h? (3m?N h2kg®

2/3
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Fermi momentum | ky = (3n;N)3 D Fermi sea

Ky Fermi surface
<«— (sharp boundary

. B between occupied
Fermi temperature | Tr = g not occupied ~ and unoccupied states)




Questions

For the most part, the electrons in Cu are
described well as “free electrons.” Cu forms
an fcc crystal with a = 3.61 A. Assuming that
one free electron is contributed per Cu,
estimate the following quantities.

e Fermi energy (eV)
e Fermi temperature (K)
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* Fermi momentum (A"') "'FZ( v
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* Fermi velocity (c)
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Numbers, numbers ... for typical
metals (Au, Cu,Al,Na ...)

r.=1~2A T~ an -
F .

. T2 A hkg hcc . 2000 eVA (1— 2)A-1 10-2

£ Foom " me2F 05e6eV

c ¢ wp meV c ~ . c c
VE~—— Ve~ Ve~ ——~10 — 100 ———~10"2 — 101 ~
100 10,000| n/a A=t he 1000 10,000 — 100,000

& = 1~10 eV
Tr = 10,000 ~ 100,000 K| (recall 300 K is 26 meV)

(In comparision, recall 6, ~100 K)



Finite Temperature — Math

Apply standard stat. mech. techniques

o_ . . E'T — i -
Fermi-Dirac function f(&,T) = 55— kT

Determine chemical potential u using N =f g(e)f(e,T)de (different from phonon!)
0

<o

° N = number of electrons
eg(e)f (e, T)de

Obtain energy from E = j

0

After some tricky math (Sommerfeld expansion for small T/T;
see A&M and also homework):

1 /mkgT\’ : _
L~ [1 B _( B ) ] u(T = 0) = & Corrections to T=0
3\ 2¢&f results are 2
3 o | 3N of the order, 0 ({—} )
Ex ENSF + Z(ksT)zg(EF) glep) = e Tk
€F

i.e. very small (10%) ifT

0E 2
Cy = (—) = H—kB(kBT)g(gF) ~ RT, compared to T=0
oT /vy 3
values.




Finite Temperature — Physics
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FD function: electron and hole excitation Measured FD function
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Physics (expressions good up to numerical factors)

Think of excitation rel. to vacuum, not absolute energy. K h

() Energy per excited particle  (4)0(ef) (B)O(ksT) (C)O(?ksr)z/ep)

(2) kpT/er for Tnear RT ~ (4)0(1) (B) 0(100) (O)@LO01) £ o bacomes blurry
(3) Number of particles excited (4) g(ep)ksT  (B)No &Q)}ggﬁgggﬁg)z/ep
(4 E-E(T=0) (WDNer (Blg(ep)ksT)? (C)g(erdklyTond shown for clarity)



Finite Temperature — Physics

FD function: electron and hole excitation
relative to vacuum (i.e. Fermi sea at T = 0)

Measured FD function
l GHG Ph. D. thesis
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Physics (expressions good up to numerical factors)

Think of excitation rel. to vacuum, not absolute energy.

(1) Energy per excited particle ~ kgT

(2) Number of particles ~ k5T g(cr)

(3) E(T) — E(T=0) ~ (1)x(2) ~ (ksT)*g(cr)
(4) C(T) =dE/dT ~ kgz(ksT)g(er)

k

X

"

Fermi surface becomes blurry
due to many e-h pairs.
(only one shown for clarity)



Heat Capacity due to e”’s and lattice

(Often used “specific heat”, = heat capacity per volume or mole)

3

B }.-{2 }1_’2 T 12?’[4 T
CV(Q ) ~ ?kg(kBT).g(f-F) =N, T_kB CI,—(ph.OTIOTI-) ¥ TN ttice (6—) kB
D

2 ‘ - f‘]
same order in metals

Differences are here!

CV ~ )"T + ﬁT3

Phonon term (cube term) is dominant at high (~ room) temperature (6, ).
Electron term (linear term) is dominant at low temperature.
Rough estimate of the boundary temperaure:

T (T 65 |1
( ) T~6p ,—-x--looK\J “10 K

e \6p JTF 100

Y ~ 1 m) mol! K-2

Many C\/T total B ~ free electron value
hononic | ¢, Many exceptions:
Researchers P V oy 4 BT

Plot C Y T Y can be 1000 times larger!
\'
Like this: electronic

“Heavy Fermion” system
m: effective
mass

, AT kg
Y ~ NegZ ocxm
0 T? g



=F

We will learn later why hdk/dt

which is the reason why we can write like this (just like Newton’s law)

—— > F =eE =ma=mvg/T

Conduction of Electricity

Source for finite conductivity
NOT ions in static crystal, but impurity, jittering ions (i.e. phonons),
and other electrons (but only umklapp process in this case)
A simple model \ Quasi-elastic scattering

* Relaxation time T (time between scattering) /.> in random directions
* Scattering events wipe out electron’s memory (i.e. restores equilibrium)

* Conduction due to a tiny push by electric field between collisions
As all electrons are considered free (i.e. independent), we can think as though all
electrons go through scattering at the same time. Shift (~E 5/ V) highly exaggerated.

ky E ky In reality it is very tiny (~ 108)!
(only magnitude considered) /\ E /-\i /\ :

’, Drift velocity | k, k, k,
NOT electron velocity

Only a small added velocity
t=20 t=1-0 t=1+0

Ohm’s law

_ ne’t ne’t
] = nevg; = E = oFE g =
m m

This solution can be thought of as a steady state solution for an equation.

Drude conductivity=1/Drude resistivity

Keep in mind that microscopically, electrons are jittering fast (vg), and the
drift velocity is a tiny fraction (108 v;) added to it, but it is what makes a
difference since drifting adds up while jittering sums to zero.

m |—+

dv v
q d] _F
dt T



Conduction of Electricity

e Two common sources of scattering: e-ph and e-im
(ph=phonon, im=impurity)

1 1 1
—=— + - Impurity: noT dependence, elastic
phl im . Phonon: T dependence, inelastic

T (T) T (absorption or emission of phonons)
ph im

m
Mattheisen’s rule P = ——— = ppn (T) + pim

* Units, Time scale, drift velocity etc. in typical metals

10?2 0.1

emd TR

o~ (uQecm)™* = 10°(Q cm)~* = 9.000e17 (statOhm — cm)~* = 9.000e17 s~*
mo mohc mc®ohe A® 0.5e6 eV 9e17 s2

T=

_— —~ — = : 137~ 3x 10"
ne¢ nhce* nhccce* 0.12e3 eV A9e36A2s2

T ~ femtosecond (R.T.) — 10 nanosecond (low T)

A o 3
[l =vpTt =1e16— X1~ 10 A— 1 mm| | Mean free path ~ typically 100 A — | pm
S

. p 3
v, = J ~1000 A i 10°A cm mm ~10"11¢c~10"%, Drift Velocity — Slow!

= "\-'1
ne cm?Zne 1023 x 1.6x10-1°C S



Conduction of Heat

E
1--1d(7)— L dE dT _  dT
Heat current = —gul— =gl = ke
1 C
Thermal conductivity « = 51-11 —
71-'2 kBT
C :_N kB
2 kgTr

Fermi velocit : 1
4 Electron heat capacity k7 = = Smv?

v = 'L:_?F
Electron mean free path [ = vrt
1 € 1 _, n*N kgT n?  kiT w’nrt N
kK=—-vl—=—-ViT—— - kg = —nt—— = ——kzT n=—
3V 2V 1 > 3 m 3 m v
2 R JF
ne’t
g = Physics: transport efficiency is high if there are many carriers (n) with long
m relaxation time (t), light mass (m-').
So, it may not come as a surprise ... | Wiedemann-Franz Law
K n? (kg - Holds as long as scattering is elastic or quasi-elastic
oT — 3 (— = Lorenz number (energy change << kzT). Ok for impurity scattering
ag e

“Universal” constant (owT) or whenT >> Bp (highT).
It breaks down at intermediate T (read p. 92-96)

Reading
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