Specific heat at constant pressure and volume

Ref: Reif, Fundamentals of Statistical and Thermal Physics, p. 168

A general relation between Cp and Cy, can be obtained this way. Taking (T, P) as independent variables (N or u,
if it is a valid thermodynamic variable, is implied, fixed, and of no concern here) we can write:

as as
ds = (E)p dT + (ﬁ)r dP (1)
I . dQ as ., . . .
Multiplying T and noting that C = e TE' this equation can be re-written as:
TdS = CpdT + T (Z—f}) dp 2)
T
Changing independent variables from (T, P) to (T, V), we note:
ap aP
dp = (a—T)V dT + (E)T dv (3)

In order to relate Cp and Cy, insert (3) to (2), consider the case dV = 0, and divide by dT:

o= +7(5), (57), @
From dH = —SdT + VdP, (H: enthalpy) we obtain a Maxwell’s relation: (Z—i)T = (Z—Z)P. Thus,

o =6 -7(5), (), = -1 (), s)

Cp=Cy+TVB (Z—i)v (6)

where the thermal expansion coefficient § = (Z—‘T/) /V.
P

Using Euler's chain rule (a—P)V = — (aV)P / (a—V)T, and the bulk modulus B = -V (Z—s)T, we get

ar aT ap
(57), =8B (7)
Cp=Cyp+TV (2_5)2,, /B (8)
Cp =Cy +TVB?B (9)

Another expression in terms of compressibility (inverse of bulk modulus) is of general interest. In terms of
isothermal compressibility k- and adiabatic compressibility kg, the following holds:

Cp/Cy = Kr/Ks (10)

ance ey =~(2),=(2),1(2), - (2, (), /), D). - (©)(-29), =2xrv
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Specific heat at constant pressure and volume for a special useful case

Z=) exp(~BED

Ei=ZEj

. 2 . 1 .
€j X V=Y (y: Grineisen constant for phonons, gfor electrons in 3D, gfor photons in 3D)

F=Eg(V)—kgT InZ (Episthe “background” energy — e.g. lattice potential energy)

P= 6:; + kgT 611‘1/2 kBTZexp( —BE) (=B 5, aE‘ = —aEB +y7 Eb (D means “dynamic”)
dE;  Ep

P=- =
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Generally, y~1 — 2 and f < 1 X 10™* /K, and thus the correction is on the order of a few percent at the most.

For the electronic term, Egz = 0.

ED = EG + ET

3
E; = ENEF x VY

m? 3N w? kAT
Er = ?(kBT)Zg(SF) x V7, g(ep) = E’ Cy = 7?
P = PG + PT
P N ! y-r-1
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dP
B=L(W)—u+w%+u—wmzu+w&

S Ty*Cy  Ty*C,  Sym*(kgT)* 1 2(T)Z
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For the lattice term, Ep = lattice binding energy.

P= —a;f +yE—If= —ava +%(EG+ET) z—aj‘f +P; + Py
E; = gNlha)D <Y
P; = %gNlth o« Tyl
Atlow T:
Er x T*wp3 o« V3Y
Pr o V3r—1
B=-V (Z—II;)T = Va;ff + (1 +y)P; +(1—3y)P; ~ V%+ (1 +7p)P;
C~ 12ﬂ4N(1)3k3
5 0p

)

_Ty%C,  y*12m* (T )3k .
~ VB VB 5 '\g,/ "B
4
Replacing the bulk modulus with the term coming from P, it can be seen that§ < (el) . However, note that
D

the dominant contribution for the bulk modulus would be from E, and so § would be multiplied by a small

6p

numerical factor where Epinging is the binding energy of an atom/ion.

binding
At high T:
Er & NkgT < VO

Cy < Nikg

B= V( )—V62E3+(1+ )P+ Pp =~V B yp
= \av), T v Ve T Fr =V gy T
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