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Bloch’s Theorem, Crystal Momentum 

Conservation, Phonon Scattering
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Bloch’s Theorem
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The crystal translation operator can be defined  
as TR f(x) = f(x+R), where R is a Bravais lattice   
vector.
Bloch’s Theorem is simply a statement that if H 
is invariant under translation by all R’s then the 
eigenfunction of H can be written as               
eigenstates of TR:   TR ψ(x) = exp(ik⋅R) ψ(x) 
Staring point to prove it is that TR is diagonaliza
ble using the complete basis of plane waves     
exp(ik⋅x) with eigenvalue exp(ik⋅R).

Chapter 8, A&M; Should be viewed as describing wave function of any particles, not only electrons.



Bloch’s Theorem
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Chapter 8, A&M; Should be viewed as describing wave function of any particles, not only electrons.

Form 1

Form 2

n includes all other quantum #’s
(spin, polarization, orbital …)

What is u for the normal mode problem of the lattice?



Crytal Momentum and its Conservation
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The eigenvalue of TR, exp(ik⋅R), defines k only up    
to K.
ħk is the “crystal momentum.”
The form exp(ik⋅R) suggests that the operator       
that has eigenvalues ħk is the generator of the       
crystal translation – crystal momentum operator.
Crystal momentum conservation

Σinitial k = Σfinal k + K 
(any reciprocal lattice vector K is a new “zero” in crystal)
Holds however many (different kinds of) particles   
are involved or elastic/inelastic scatterings.



Neutron Scattering of Phonons
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0 phonon scattering:
1 phonon scattering:

Multi-phonon scattering

neutron
init

neutron
final

2 phonon absorption

Multi-phonon continuum

1 phonon peaks



Energy, momentum conservation
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Optical or X-Ray Measurement
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Optical Phonons – Raman Scattering
Acoustic Phonons – Brillouin Scattering

Laser light is used (~ a few 1000 Å wavelength with ~ eV energy)
|q’| ≈ |q|
k ~ 0 is probed

Brillouin

Raman, Brillouin

It is also possible to probe phonons using High energy X-ray (10 keV)
using modern synchrotrons (such as ESRF, APS).



Wave Picture of Neutron Scattering
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Phase velocity of phonon

same

Diffraction by a moving grating – Convenient to use the moving frame
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