
Review of the previous classReview of the previous class
Q1:   For electron gas, what is the temperature dependence of specific heat at 

low temperature (<< Fermi temperature)?

A. T                              B.  T2 C. T3

Q2:   For electron gas in 1D, what is the temperature dependence of specific         
heat at low temperature (<< Fermi temperature)?heat at low temperature (<< Fermi temperature)?

A. T                              B.  T2 C. T3

Q3:   For electron gas with a dispersion relation,  ε(k) = k1/2, what is the Q3:   For electron gas with a dispersion relation,  ε(k)  k , what is the 
temperature dependence of specific  heat at low temperature (<< 
Fermi temperature)?

A. T                              B.  T2 C. T3

Q4:  Typical Fermi temperature of metals is

A. 100 K                        B. 10,000 K C. 10,000,000 K
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Review of the previous classReview of the previous class
Q5:   For electron gas, which of the following is largely determined 

by the ground state (T=0) property?

A. Chemical potential     B.  Heat capacity       C.  Thermal Expansion

Q6:   For electron gas, which of the following is strictly finite temperature 
property?property?

A. Bulk modulus             B.  Conductivity        C.  Thermal conductivity

Q7:   Typical Fermi velocity of metals is NOTQ7:   Typical Fermi velocity of metals is NOT
(c: speed of light,   vs = velocity of Debye phonon) 

A. c/100                         B. vs C. vs / 100 

Q8:  Current in metals propagates at the

A. speed of light             B. Fermi velocity C. drift velocity (~ 1mm/s)
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Lecture 6Lecture 6
El   C lElectrons in Crystal

Physicists may say “Bragg diffraction.”
Ch    “Ch l b d ”Chemists may say “Chemical bonding.”
Electrons could not care less.
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Prelude to Bloch’s TheoremPrelude to Bloch’s Theorem
[H, X] = 0       HX|E>=XH|E>=EX|E>

E ZEROes

X = 

En-1

En

EZEROes En+1
ZEROes
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When X can be diagonalized with a complete basis, then 
X and H can be simultaneously diagonalized (see note).



Bloch’s TheoremBloch’s Theorem
For crystal translation TR, the complete basis can be taken as 

ψ (x) = ΣG C(k+G) exp (i (k+G)· x)
C = complex number, G = reciprocal lattice vectorC  complex number, G  reciprocal lattice vector

Bloch’s theorem (form 1):

  The eigenstates of a periodic Hamiltonian can be chosen so that each eigenstate  satisfies: 

Bragg Diffraction Physics

, 

where   has the same periodicity as the Hamiltonian, i.e. 

   

for any lattice vector   of the Hamiltonian.  (  is crystal momentum – NOT true momentum –
and n is symbol for all other quantum numbers – e.g. phonon branch in the case of phonons and
band index, spin in the case of electrons) 

Bloch’s theorem (form 2): 

  The eigenstates of a periodic Hamiltonian can be chosen so that each eigenstate  satisfies: 

2/5/2007 Phys-155, W07, UCSC, (c) 2007, G.-H. Gweon 5

for any lattice vector   of the Hamiltonian. 



Never forget …Never forget …
Q1:   A potential is periodic with period a on a ring of length L.

Wave vectors associated with the potential are:

A. integer x 2π/a           B.  integer x 2π/L        C.  any

Q2:   For a phonon excitation on a 1D crystal of period a and length L, wave 
vectors are (within the Born-von-Karman B.C.): 

A. discrete with increment 2π/a
B.  discrete with increment 2π/L                         
C.  continuous

Q3:   For electron or neutron on a 1D crystal of period a and length L, wave 
vectors are (within the Born von Karman B C ): vectors are (within the Born-von-Karman B.C.): 

A. discrete with increment 2π/a
B.  discrete with increment 2π/L                         
C   continuous
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C.  continuous



Properties of Periodic PotentialProperties of Periodic Potential
ܸሺݔ ൅ ݊ܽሻ ൌ  ܸሺݔሻ  for any integer ݊

න ሺ ሻ ሺ ሻ
ܮ

ߨ2

න
ܮ

proof

නܸ݀ݔሺݔሻ expሺെ݅݇ݔሻ
0

ൌ 0 unless ݇ ൌ ܽ ݉,݉ ൌ ݎ݁݃݁ݐ݊݅

http://en.wikipedia.org/wiki/Image:Potential-actual.PNG
ܫ ؠ නܸ݀ݔሺݔሻ expሺെ݅݇ݔሻ

0

 

ܫ כ exp  ሺ݅݇݊ܽሻ ؠ නܸ݀ݔሺݔሻ expሺെ݅݇ ሺݔ െ ݊ܽሻሻ
ܮ

0

ൌ න ݔሺܸݔ݀ ൅ ݊ܽሻ expሺെ݅݇ݔሻ
െ݊ܽܮ

െ݊ܽ

ൌ න ሻݔሺܸݔ݀ expሺെ݅݇ݔሻ
െ݊ܽܮ

െ݊ܽ

ൌ  ܫ

ߨ2
In order for this true for any ݊, ݇ ൌ

ߨ2
ܽ ൈ ݎ݁݃݁ݐ݊݅ ؠ ܩ ሺreciprocal lattice vector 

1
න
ܮ proof (if necessary)

ܸሺݔሻ ൌ෍ ܩܸ
ܩ

expሺ݅ݔܩሻ , ܩ ൌ
ߨ2
ܽ
݉, ݉ ൌ  ݎ݁݃݁ݐ݊݅

ܩܸ ൌ
1
ܮ
න ሻݔሺܸ ݔ݀ expሺെ݅ݔܩሻ
0

 
proof (if necessary)

න ݔ݀ ܸሺݔሻ expሺെ݅ܩԢݔሻ
ܮ

0
ൌ෍ ܩܸ

ܩ

න ሻݔܩexpሺ݅ ݔ݀ expሺെ݅ܩԢݔሻ
ܮ

0
ൌ෍ ܩܸ

ܩ

Ԣܩ,ܩߜܮ ൌ ܮ Ԣܩܸ  

ܸሺݔሻ is real ՜ ܩܸ
כ ൌ െܸܩ Hamiltonian is Hermitian in plane wave basis – it should be.
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ܸሺ࢞ሻ ൌ෍ ࡳܸ
ࡳ

expሺ݅ࡳ ڄ ࢞ሻ , ࡳ ൌ כࢇ݌ ൅ כ࢈ݍ ൅ ,כࢉݎ ,݌ ,ݍ ݎ ൌ  ݏݎ݁݃݁ݐ݊݅ ,ࢇ ,࢈ ࢉ ൌ ݈ܽ݁ݎ ݁ܿ݅ݐݐ݈ܽ ,כࢇ ,כ࢈ כࢉ ൌ ݈ܽܿ݋ݎ݌݅ܿ݁ݎ ݁ܿ݅ݐݐ݈ܽ
כࢇ ڄ ࢇ ൌ כ࢈ ڄ ࢈ ൌ כࢉ ڄ ࢉ ൌ ,ߨ2 כࢇ ڄ ࢈ ൌ כࢇ ڄ ࢉ ൌ כ࢈ ڄ ࢉ ൌ כ࢈ ڄ ࢇ ൌ כࢉ ڄ ࢇ ൌ כࢉ ڄ ࢈ ൌ 0

ࡳܸ
כ ൌ െܸࡳ 

Easy to 
generalize 
to 3D



Effect of Periodic Potential on Effect of Periodic Potential on 
Plane Wave BasisPlane Wave Basis
߶݇ሺݔሻ ൌ expሺ݅݇ݔሻ , ݇ ൌ

ߨ2
ܮ ൈ ݎ݁݃݁ݐ݊݅ ሺBorn െ von Karman B. C. ሻ 

2
ܪ ൌ

2݌

2݉ ൅ ܸሺݔሻ 

Ԣ݇߶ۃ ۄ݇߶|ܪ| ൌ Ԣ݇߶ۃ ۄ݇߶|ܸ| ൌ න ݔ݀ expሺ݅ሺ݇ െ ݇Ԣሻݔሻ
ܮ

0
ܸሺݔሻ 

ܸሺݔሻ ൌ෍ ܩܸ expሺ݅ݔܩሻ , ܩ ൌ
ߨ2
ܽ
݉, ݉ ൌ  ݎ݁݃݁ݐ݊݅

ܮ

for k≠k’

෍
ܩ

ܽ
Ԣ݇߶ۃ ۄ݇߶|ܪ| ൌ෍ ܩܸ න ݔ݀ expሺ݅ሺܩ ൅ ݇ െ ݇Ԣሻݔሻ

ܮ

ܩ0

 

ܩ ൅ ݇ െ ݇Ԣ ൌ
ߨ2
ܽ ൈ ݎ݁݃݁ݐ݊݅ ൅

ߨ2
ܮ ൈ ݎ݁݃݁ݐ݊݅ ൌ

ߨ2
ܮ ൈ  ݎ݁݃݁ݐ݊݅ ݀݋݅ݎ݁ܲ ൌ

ܮ
݃ ݎ݁݃݁ݐ݊݅

Ԣ݇߶ۃ ۄ݇߶|ܪ| ൌ 0  unless ݇ െ ݇Ԣ ൌ ܩ ሺany reciprocal lattice vectorሻ

Another proof of 
߰ ሺݔሻ ൌ෍ܥሺ݇ ൅ ሻܩ expሺ݅ሺ݇ ൅ ሻݔሻܩ ൌ expሺ݅݇ݔሻ ݑ ሺݔሻ

p
Bloch’s theorem
Easily generalized to 3D
(other quantum numbers such  

ݔሺ݇ݑ ൅ ݊ܽሻ ൌ ሻݔሺ݇ݑ

߰݇ሺݔ ൅ ݊ܽሻ ൌ expሺ݅݇݊ܽሻ߰݇ሺݔሻ

߰݇ሺݔሻ ൌ෍ܥሺ݇ ൅ ሻܩ expሺ݅ሺ݇ ൅ ሻݔሻܩ
ܩ

ൌ expሺ݅݇ݔሻ  ሻݔሺ݇ݑ
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( q
as spin are implicit)

߰݇ሺݔ ൅ ݊ܽሻ expሺ݅݇݊ܽሻ߰݇ሺݔሻ



Zone Folding Picture of Bloch’s TheoremZone Folding Picture of Bloch’s Theorem

π/a−π/a

ne
rg

y

π/a−π/a

En

kk k

Procedure to solve for any crystal potential (not only for weak potential)
1. Start from plane wave 
2 Fold the free electron band to the first Brillouin zone

k
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2. Fold the free electron band to the first Brillouin zone
3. Solve the block matrix of H for states along a vertical line

VERY IMPORTANT



Crystal MomentumCrystal MomentumCrystal MomentumCrystal Momentum

Just like in phonon case, the wave vector J p
k is ambiguous up to any reciprocal lattice 
vector

߰nܓሺܠ ൅ ሻ܀ ൌ expሺ݅ܓ ڄ ሻܠሺܓሻ߰n܀

En
er

gy
k is “crystal momentum”

bi   G

Eigen-value of  lattice translation

ambigous up to G
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ZoneZone--Folding and dimensionalityFolding and dimensionalityZoneZone Folding and dimensionalityFolding and dimensionality
a=3.83Å

2D square lattice
a=3.83Å

2D square lattice
a=3.83Å

1 dimension

k 0ky=0 ky=0.3π/a

er
gy

 (e
V

)
50

En
e

kx-π/a π/a kx-π/a π/a

0

k-π/a π/a
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ZoneZone--Folding and dimensionalityFolding and dimensionality
a=3 83Å a=3 83Å a=3 83Åsi
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a=3.83Å
3D cubic lattice

a=3.83Å
3D cubic lattice

a=3.83Å
3D cubic lattice
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147 curves 183 curves 157 curves

# Curves ~ AD, for a given energy range (0 – 100 eV here; with A = 5-6)T
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Equation of Motion (∞ x ∞)Equation of Motion (∞ x ∞)
ܪ ൌ

2݌

2݉ ൅ ܸሺݔሻ ൌ
2݌

2݉ ൅෍ܸሺܩሻ
ܩ

expሺ݅ݔܩሻ 

߰݇ሺݔሻ ൌ෍ܥሺ݇ ൅ Ԣሻܩ expሺ݅ሺ݇ ൅ ሻݔԢሻܩ
Ԣܩ

 
ܩ

ሻݔሺ݇߰ܪ ൌ෍݇ߣ൅ܩԢ ሺ݇ܥ ൅ Ԣሻܩ expሺ݅ሺ݇ ൅ ሻݔԢሻܩ
Ԣܩ

൅෍ܸሺܩሻ
Ԣܩ,ܩ

expሺ݅ݔܩሻܥሺ݇ ൅ Ԣሻexpሺ݅ሺ݇ܩ ൅  ሻݔԢሻܩ

݇ߣ ൌ
԰2݇2

2݉  

ሻݔሺ݇߰ܪ ൌ෍݇ߣ൅ܩԢ ሺ݇ܥ ൅ Ԣሻܩ expሺ݅ሺ݇ ൅ ሻݔԢሻܩ ൅෍ܸሺܩሻܥሺ݇ ൅ Ԣሻexpሺ݅ሺ݇ܩ ൅ ܩ ൅ ሻݔԢሻܩ

ൌ෍ ൥݇ߣ Ԣܩ ሺ݇ܥ ൅ Ԣሻܩ ൅෍ܸሺܩሻܥሺ݇ ൅ Ԣܩ െ ሻ൩ܩ expሺ݅ሺ݇ ൅ ሻݔԢሻܩ ∞ x ∞ matrix !

ሻݔሺ݇߰ܪ ෍݇ߣ൅ܩ ሺ݇ܥ ൅ ܩ ሻ expሺ݅ሺ݇ ൅ ܩ ሻݔሻ
Ԣܩ

൅෍ܸሺܩሻ
Ԣܩ,ܩ

ሺ݇ܥ ൅ ܩ ሻexpሺ݅ሺ݇ ൅ ܩ ൅ ܩ ሻݔሻ

ൌ෍݇ߣ൅ܩԢ ሺ݇ܥ ൅ Ԣሻܩ expሺ݅ሺ݇ ൅ ሻݔԢሻܩ
Ԣܩ

൅෍ܸሺܩሻ
Ԣܩ,ܩ

ሺ݇ܥ ൅ Ԣܩ െ ሻexpሺ݅ሺ݇ܩ ൅  ሻݔԢሻܩ

ൌ෍ 
Ԣܩ

൥݇ߣ൅ܩ ሺ݇ܥ ൅ ܩ ሻ ൅෍ܸሺܩሻ
ܩ

ሺ݇ܥ ൅ ܩ ሻ൩ܩ expሺ݅ሺ݇ ൅ ܩ ሻݔሻ

ሻݔሺ݇߰ܪ ൌ ሻݔሺ݇߰ܧ ൌ ሺ݇ܥ෍ܧ ൅ Ԣሻܩ expሺ݅ሺ݇ ൅ ሻݔԢሻܩ
Ԣܩ

 

݇ߣ Ԣ ሺ݇ܥ ൅ Ԣሻܩ ൅෍ܸሺܩሻܥሺ݇ ൅ Ԣܩ െ ሻܩ ൌ ሺ݇ܥܧ ൅ Ԣሻܩ

 x  matrix !

ܩ൅݇ߣ ሺ݇ܥ ൅ ܩ ሻ ൅෍ܸሺܩሻ
ܩ

ሺ݇ܥ ൅ ܩ ሻܩ ൌ ሺ݇ܥܧ ൅ ܩ ሻ

ሺ݇ߣ൅ܩԢ െ ሺ݇ܥሻܧ ൅ Ԣሻܩ ൅෍ܸሺܩሻ
ܩ

ሺ݇ܥ ൅ Ԣܩ െ ሻܩ ൌ 0 

ሺߣ ሺ݇ሻܥሻܧ ෍ܸሺܩሻܥሺ݇ ሻܩ 0
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ሺ݇ߣ െ ሺ݇ሻܥሻܧ ൅෍ܸሺܩሻ
ܩ

ሺ݇ܥ െ ሻܩ ൌ 0



Toy Problem (Toy Problem (KronigKronig--Penney)Penney)
ܸሺݔሻ ൌ ݔሺߜ෍ܽܣ െ ݊ܽሻ

ܰ

݊ൌ1

 

ܮ ܰ
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∞
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݊ൌെ∞
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԰22ܭ
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cotሺݔሻ ൌ ෍

1
ߨ݊ ൅ ݔ

∞

݊ൌെ∞
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݂ሺ݇ሻ ؠ ෍ ܥ ൬݇ െ

݊ߨ2
ܽ ൰

݊ൌെ∞

 

ሺ݇ሻܥ ൌ െ
ሺ݇ሻ݂ܣ
݇ߣ െ  ܧ

ܣ ൌ 2݉
a bit of math

԰2

ܣ2݉ ൌ െ෍
1

ቀ݇ െ ݊ߨ2
ܽ ቁ

2
െ 2ܭ

ܰ

݊ൌ1

ൌ
ܽ2 sinሺܽܭሻ

ሺcosሺ݇ܽሻܽܭ4 െ cosሺܽܭሻሻ
݇ߣ ܧ

݂ ൬݇ െ
݉ߨ2
ܽ ൰ ൌ ݂ሺ݇ሻ, ݉ ൌ ݕ݊ܽ  ݎ݁݃݁ݐ݊݅

݂ሺ݇ሻ ൌ ෍ ܥ ൬݇ െ
݊ߨ2

൰
∞

ൌ ෍ െ
ሺ݇ሻ݂ܣ

∞

ቀ ܽ ቁ

ܲ sinሺܽܭሻ
ܽܭ ൅ cosሺܽܭሻ ൌ cosሺ݇ܽሻ 
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݂ሺ݇ሻ ൌ ෍ ܥ ൬݇ ܽ ൰
݊ൌെ∞

ൌ ෍ ݊ߨെ2݇ߣ /ܽ െ ܧ
݊ൌെ∞

ܲ ൌ
2ܽܣ݉

2԰2  



Toy Problem (Toy Problem (KronigKronig--Penney)Penney)
ܲ sinሺܽܭሻ

ܽܭ ൅ cosሺܽܭሻ ൌ cosሺ݇ܽሻ  ܲ ൌ
2ܽܣ݉

2԰2  
a=3.83Å
P = 6

V
)
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er

gy
 (e 50
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Toy Problem (Toy Problem (KronigKronig--Penney)Penney)Toy Problem (Toy Problem (KronigKronig Penney)Penney)
Energy GapStanding Wave (Group velocity = 0)

y 
(e

V
)

50 Energy

En
er

gy Bands
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ReminderReminder

[0 V

* ]Consider a 
Hamiltonian for two 
states |0>, |1> 
i i  i h h 

V=|V|exp(iδ)

Eigen-values = ± |V|

[ 0V* ]interacting with each 
other

Equal parts of |0> and |1>

Eigen-state = |0> - exp(-iδ)|1>,   for Eigen-value = -|V| (ground state)
|0> + exp (iδ) |1>,   for Eigen-value = |V| (excited state)

Up to a normalization factor (1/sqrt(2))

Equal parts of |0> and |1>

Up to a normalization factor (1/sqrt(2))

V real negative (δ=π)

|0> -|1>
“Anti-Bonding” V real positive (δ=0)

|0> +|1>

|V|

|V|

|0> +|1> |0> -|1>

degenerate
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|0> +|1>
“Bonding”

| |



In the limit of weak potentialIn the limit of weak potentialIn the limit of weak potentialIn the limit of weak potential
At k=π/a, wave function is equal mix of k and k+G
→ Standing Wave (group velocity = 0)

dE / dk  0

E

E0+|V(G)|

→ dE / dk = 0

gy
 (e

V
)

50

E0

E0 - |V(G)|

En
er

g

General condition that energies are the 
same

0

k-π/a π/a

|k| = |k-G|
Perpendicular bi-sector planes that we used 
in defining the Wigner Seitz Cell!
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Change in the Fermi SurfaceChange in the Fermi SurfaceChange in the Fermi SurfaceChange in the Fermi Surface

Gradient of E(k) is parallel
 h  BZ f  i  h   to the BZ face, i.e. the group 

velocity perpendicular to the BZ 
face is zero. (homework)

Constant energy contour 
intersects BZ at right angle

H&H, Figure 4.5
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Metals, Insulator, SemiMetals, Insulator, Semi--conductors, Semiconductors, Semi--metalsmetals
No band gap,         Gap > 1 eV,      Gap < 1 eV,                        No Gap

To entirely fill a band, need 2 electrons per unit cell.  Bands can also overlap.

Partially filled bands        All bands filled                    Small number of e-s and holes

Wilson’s rule: metal if an odd number of free electrons per unit cell
V

)
En

er
gy

 (e
V

50 Energy
Bands
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