Notes for Lecture 21

Interacting particles (SCSM)

In this out-of-sequence lecture, we go back to the semi-classical statistical mechanics,
and consider interactions. This is a good topic to treat out of sequence, but it is also
a good topic to learn, as we are going into the topic of phase transition, in the regular
lecture.

Generally, interactions make problems extremely difficult, if not impossible. One
way to say this is that we do not have a general, reliable way of calculating the
properties of a liquid or a solid from first principles, i.e. starting from the N body
Hamiltonian, even for the semi-classical case. For a low-density gas, we do have a
systematic way of doing it, namely the Mayer cluster expansion, as we will see here.
The difference between gas and liquid/solid is that in a gas there is a very small
chance that a gas molecule belongs in a small “cluster” of molecules. Essentially, the
gas molecule spends most of the time as a lone molecule (cluster of size 1), while
occasionally colliding with other molecules forming a cluster of size 2 or 3 or more,
with an increasingly smaller probability to do so as the cluster size increases. In a
liquid or a solid, this idea fails completely, since the specimen is so dense that the
“cluster” that a molecule belongs is always the total group of all the molecules.

21.1 Nature of the problem

Let us start by reminding ourselves of the result of the non-interacting problem, Eq
6.44, which we now refer to as Z.
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21.1. NATURE OF THE PROBLEM

where A\(T') = h/\/2mmkgT is the thermal de Broglie wavelength. This partition
function resulted from the non-interacting Hamiltonian, }; p?/(2m). Now, let us add
the interaction term

Hin(q) = Y U(Gi—q5) = Y, Uy = %ZU@- (21.1)

>] 1>] i)

where ¢;’s are generalized coordinates. What would be the change to the partition
function? Since this interaction term does not depend on the momentum variables
at all, we get

Z(N,T,V) = ZO(N,T,V)W (21.2)
N

R(N,T,V) = f]‘[ &3G; exp (B Hume) (21.3)
=1

The integral of H;,; is impossible to do, in general.

One way to think about R is that R/V¥ is the ensemble average value of exp(—5H;,t)
in the non-interacting state. That is,

= {exp(-BH))’ (21.4)

where the superscript 0 is used for the expectation value in the non-interacting state.
Written this way, it is clear that R/V¥ is the characteristic function of the probability
distribution of the canonical ensemble for the non-interacting system, with a complex
“wave number,” k =14. Thus, it follows that

logR-NlogV = i (_B‘)n (
n=1 .

(] )° (21.5)

ntle

Taking this approach, the cumulants of H;,; can be analyzed in terms of the cumulants
of Uzy

While formally attractive, this cumulant approach is not good when applied to in-
termolecular interaction problem, as we here consider for the interacting semi-classical
gas. The reason is that the intermolecular potential diverges as the intermolecular
distance vanishes, making the cumulants diverge in general. Instead, it is much better

i 0
to stay with (exp(=SH;n)) -
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NOTES FOR LECTURE 21. INTERACTING PARTICLES (SCSM)

21.2 Perturbation treatment of the grand parti-
tion function

The grand partition function can be written as
Qu,T,V) = 3 exp(BuN)Z(N. T, V) (21.6)
N=0

where, for N'=0, Z = 1]
Also, note that
G(u,T,V)=-kpgTlogQ=FE-TS-uN =-PV (21.7)

where the assumption of the extensivity is used in the last step (Section 2.4.1: E =

TS+ Jx+ uN).

We will also use the following very useful relation (from Eq. 7.13)

B l dlog Q
g Ou TV

Note that, in terms of the notation, IV is used as the ensemble average for N.

21.2.1 First order

Let us see what the A/ = 1 term looks like. Using Eqs. and the first equation
of this note, we get

1 -
Z(N: ]_,T, V) = F fdgq since Hin¢ =0 for N <1 (218)
V
= F same as Zo(N =1,T,V) (219)
So, it follows that, if we keep terms up to N =1, we get
ePry
oM = 14+ 33 (21.10)
B
PV = kpTlog QW = kBTlog(1+ e)\gV)
ePry

You must absolutely convince yourself why this must be!
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21.2. PERTURBATION TREATMENT OF THE GRAND PARTITION
FUNCTION

where the last step is from

1 dlog oW ety
o] o DY

T,V

N =

Two important things need to be noted. First, we just recovered the ideal gas
equation of state. Second, we did this by assuming that a perturbation theory is
possible, with

efry
S« 1 (21.12)
Here, I use the ~ sign rather than =, since the equality is valid only at this order

of the perturbation.

That is, we are using the “hardly any particles” approximation as explained in
page 6 of LN 8.

21.2.2 Second order

1

1 2 )
2N =2,T.V) = 5(@ /d3§1d5c_]’gexp(—ﬁU(cjl,§2)) (21.13)

The integral here is defined as V2 + by. On physical grounds, we expect that the
intermolecular interaction show an exponentially diverging repulsion at small distance
and a weak van der Waals attraction at large distance. There are various schemes
for approximating the intermolecular potential, e.g., the Lennard-Jones potential, to
ensure the computational convenience and the retention of the basic physics. Here,
we will make a simple model in which the potential is approximated as a hard core
repulsion at r < ry and van der Waals attraction at r > ry.

N o0 <7y . N
U(qi,q2) = { 8 up > 0,7 = |go — ¢ (21.14)
_UOT_G r>Tg

The ug parameter characterizes the strength of the van der Waals attraction. It is
very convenient to define

-1 r <710

: 21.15
—1+exp(5u0r—§) > ( )

f12 = e—ﬁU@L&)_l - {
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NOTES FOR LECTURE 21. INTERACTING PARTICLES (SCSM)

and note that

-1 r <7
fiz= el -1>0 r—->ryg+0* (21.16)
0* r — 00

So, fi2 goes from -1 to a positive value at at r = ¢ (ry is on the order of the molecular
radius) and then it decreases steadily to 0* as r increases. In particular, we are
interested in the high-temperature limit, Sug < 1, and in this temperature limit, we
get

fip = e PUGER) ] {;o—é :;’: Bug < 1 (21.17)
So, we get
V24b, = f By exp (-BU (G, 2)) (21.18)
= fd3§1d3§2(1+f12) (21.19)
= V2+Vfd3Ff12. (21.20)

Using [ d®7fi =47 [ dror?fia =47 (—§ + Buor§ [, drr%) = @ (-1 + Bug), and defin-
ing

QO = 4rrd
3

excluded volume (21.21)
we get
VZE+by = V2+VQ(Bug-1). (21.22)

Now, it is clear why we defined the integral as V2 plus by. In any case, we have a
second order perturbation solution.

@) eBr V [ eBr 2
Q = 1+VF+§ ? (V+62) -bQEbQ/V (2123)
PV = kgTlog Q¥ (21.24)
eBu V [ eBr 2 1 9 eBu 2
GIBM 62 eIBlLL 2
1 alog Q(Q) ePu ePu 2
N B 8# . =V F + —62 F (2127)
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21.2. PERTURBATION TREATMENT OF THE GRAND PARTITION
FUNCTION

Note here that all expressions PV and N are written up to order “(e##)2” only since
we are doing the perturbation theory up to second order here. Now the last equation
can be inverted so that?]

ePu
F.
can be expressed in terms of the density. Note from the previous section that N
is in fact our perturbation parameter. This means that n is proportional to the
perturbation parameter and so, we must keep z up to n? also. This is easy to do (by
re-arranging the above equation as z —n = —b,22 and using the method of iteration
on it),

z = “fugacity-2” (21.28)

z = n-byn? (21.29)
Plugging this into the PV equation above, we get
b
PB =n- ?2712. (21.30)

Here, —% is the so-called second virial coefficient. Since by = Q(Sug-1) (Eq.[21.22)),
we can re-arrange this equation as

Q Qo

Pp =n- EuoﬂnQ g (21.31)

(P + %uonQ) = nkgT (1 + ?) (21.32)

(P + —uonQ) (1 - ?) ~ nkgT (21.33)

(P + %rﬂ) (v - NTQ) ~ NkgT (21.34)
(P+an?®)(V -bN) ~» NkgT

So, we get the famous van der Waals equation of state

(P+an®)(V-bN) = NkgT van der Waals equation of state (21.35)

where

U()Q
a —
2

: (21.36)

b

0] 2

(21.37)

2For the classical problem at hand here, it is more convenient to define z as the “fugacity.” Note
the different symbol used for it from z = e#* (Eq. 12.23).
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NOTES FOR LECTURE 21. INTERACTING PARTICLES (SCSM)

The van der Waals equation has the form of the ideal gas equation, except that V' is
replaced by V —bN and P is replaced by P + an?.

The fact that V —bN replaces V' can be interpreted as the decrease of the available
volume due to the hard core repulsion. Note that b/N is the reduced volume per

particle, since the excluded volume per a pair of particles is €2, and since there are
N(N -1)/2 ~» N2/2 pairs.

Next, the fact that P + an? replaces P means that the pressure decreases, due to
the attraction, with respect to the ideal gas with the same temperature and the same
effective volume (V' —bN not V). Why this decrease? From dE = -PdV +TdS, note
that P is the rate at which the energy increases in an adiabatic reversible process
in which the volume is decreased by a purely mechanical process that does work on
the system. With the attractive interaction, it is quite clear that this rate will not
be as high as the ideal gas case. The energy will increase due to kinetic energy, for
sure, but also the attractive interaction will make it decrease, when the volume is
reduced. This reasoning makes it clear that an? is precisely the amount by which the
energy drops due to attraction, following a unit volume decrease. This can be seen
as follows. Note that for a single particle, the attraction energy that it feels is

Eattr = (N - 1) / dg_) VU attractive energy for a single particle, due to all other particles (2138)

= —UonQ Eq. (only the attractive part, r > rg); also N -1 - N (2139)
= -2na. (21.40)

Therefore the total attractive energy is given by, multiplying N and then dividing by
2, correcting for double counting,

Eattr = —Nn(l. (2141)
Indeed the pressure due to the attractive interaction is given by,
OF 4
Py = ——==L = —an?, 21.42
= -2 (21.42)

which proves our assertion above that an? is the amount by which the energy drops
due to attraction following a unit volume decrease.

A similar reasoning can be provided using a kinetic argument as well. The pressure
on a test surface presented in a fluid is the result of molecules bumping into the test
surface in an elastic collision. Assuming that such a test surface has the surface
normal in the z direction, the pressure is given by

P = (nv.-2muv.), (21.43)
2 2 m(v?+02+02
= nm (v?) = gn(/i) K= mzv = ( 2y ) (21.44)
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21.3. MAYER CLUSTER EXPANSION

where nv, is the flux of particles along the z direction, the 2muv, is the momentum
transfer to the test surface, xk = m2”2 is the kinetic energy per particle, and the test
surface is assumed to be above the gas (so v, > 0 for gas molecules that hit the
surface). Note that this result is in precise agreement with Eq. 12.32, in the case of
the ideal gas, as it should. However, Eqs. present a more general form
from the kinematic point of view, within the semi-classical statistical mechanics that

we are doing here.

In particular, if there is an attractive interaction, then the kinetic energy s will
become less at the surface of the fluid. Why? Since we are considering a low density
limit, the mean free path of the intermolecular collision is very large compared to
the molecular dimension (or the intermolecular distance)F| Consider that a molecule
hitting the test surface originates from the last collision at distance ~ [ from the
surface. So, the attraction energy that this particle feels changes from e, (Eq.
to %altt,., since at the surface the integral of U is over only half the solid angle.
Following this wncrease of the potential energy, the kinetic energy of the particle
goes down by exactly |24| = na per particle hitting the test surface. Now, we can
make connection to Eqs. 21.43] and P1.44] Note the following first. Since the local
equilibrium is established on the length scale of I, we cannot apply the ensemble
averages ({v?) etc.) expressed in these equations, without checking their validity,
first! We must consider the change of v? from a purely Newtonian dynamics point
of view, for those particles that actually hit the surface. Namely, we must apply the
argument that we just considered—the interplay between the kinetic energy and the
potential energy—and apply it to Eq. (with v, taken at the value at the moment
that particles hit the surface), but we can not apply it to Eq. Note that the
decrease of the kinetic energy na occurs only in mv?/2 due to the symmetry of the
problem. So, we see that §(v?) = —2na/m, when the particle arrives at the surface to
hit it. Then, by Eq. 21.43] we note that §P = —an?, which agrees perfectly with the
result of Eq. These two points of views, used to derive the same result, are
equivalent.

21.3 Mayer cluster expansion

This is a general result using which we can carry out the perturbation theory described
in the previous section in a more systematic manner. While its derivation is not
complicated, and it is actually interesting from the point of view of the field theory
(“Wick’s theorem”), we shall not spend any time to derive this result. Readers are

30ne collision occurs when a volume swept by a molecule is equal to 1/n. So, the mean free path
l is given by Ira® ~ 1/n. And so, [ ~ 1/(wa®n). Here, a is the molecular radius (~ 70), n ~ 1/r3, r; is
the intermolecular distance.
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NOTES FOR LECTURE 21. INTERACTING PARTICLES (SCSM)

referred to Section 4.3 of Feynman or Section 5.2 of Kardar.

Here we simply summarize the goal and the results. The goal is to obtain virial
coefficients Bo(T'), B3(T'), etc. in

—— = n+ Bo(T)n? + B3(T)n? + ... (21.45)
kT

where n = N/V. Note that, by definition, virial coefficients can be functions of only
T, since they must be intensive, and they cannot depend on n.

The Mayer cluster cluster expansion is given by

log Q = szb—k (21.46)
P

where z = {—; as defined above (Eq. [21.28)).

Using Eq. 7.13 (with n = 1) on the above, we get

[ee)

- 2 2F GoDn (21.47)

As log Q@ = -GS = PV 3, and as by, is proportional to the volume V' (see near the
end of this section), we can re-write the above two results as

P

—_— b =6,V 21.48
T k = bx/ ( )

(21.49)

n =

2
iau

These two equations can be combined by eliminating z, to arrive at the virial expan-
sion

P (o)
— = Byn* 21.50
kBT n+ kZZ; rne, ( )

(1-F) . .
B, = o dy,. By, = virial coefficient, k > 2 (21.51)
For instance, you are urged to work out directly that
by
By(T) = - (21.52)
b 1

By(T) = b2 - 33 = ——d, (21.53)
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21.3. MAYER CLUSTER EXPANSION

Finally, of course, the symbols b, and d, must be explained.

The symbol by stands for the sum of integrals, each of which is diagrammatically
represented by a linked cluster of k£ dots. The i-th dot represents the integration
variable ¢;. Fach pair of dots (“bond”) may be connected or not connected. A
linked cluster means that all dots are connected to one another. The integrand is
1 for an unconnected bond, and f;; = exp(-5U;;) — 1 for a connected bond, where
Uij = U(qi, q;) is the pair potential. As all dots are connected in any diagram of by,
it follows that there is one and only one free variable that can be integrated out to
give a factor of V for any diagram of b;y. And so, any diagram contributing to by is
of order V. This is why we defined above b.(T) = by/V: b, (T) is now independent
of V' and so is a function of T" only. (Note that we used symbols by and by just the
same way in Section , anticipating more general results given here.)

The symbol d stands for the sum of of integrals that correspond to a special
subset—the one particle irreducible diagrams—of those diagrams for b;. The
one particle irreducible diagrams are those diagrams that cannot be separated into
two disjoint diagrams by removing one dot.

Here is a diagram for the fist three b;’s.

b3 = o/ic + o;\o + o/.\o —I- c/;\c

To re-cap, each dot can be labeled as 1, 2, etc, corresponding to integration variables
¢1, g2, and g3, and each connecting line corresponds to f;;. For example, the three
dots in each diagram of b3 can be labeled as 1, 2, and 3, in any order. Clearly the
first three diagrams are identical. So, the mathematical formula for these three terms
are

by = fd?’cj =V, (21.54)
bg = fd3§1d3§72f12, (2155)
by = 3/d3§1d3§2d3§3f12+/d3§1d3§2d3§3f12f23- (21.56)

Note that the last diagram for bs is b3, since that is the only diagram that is one-
particle irreducible.
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NOTES FOR LECTURE 21. INTERACTING PARTICLES (SCSM)

21.3.1 Perturbation parameter

In Section [21.2] it was pointed out that N itself is a perturbation parameter. In
this section, we see that Bon can be taken as a perturbation parameter, since Pf »
n(1+ Byn). We have evaluated B, already for a simplified potential (Egs. [21.22 and

EL30):

1-
Bon = —%n = %Qn (21.57)

Note that the expression for b, was obtained assuming high temperature fuy < 1,
and so we see that the perturbation parameter is Qn, which is about 1/1000 for a gas,
since © ~ 1/nyguia. We can see that the perturbation theory will not be good if the
density is high or the temperature is low. If the temperature is low, then the above
expression cannot be used, and by must be re-evaluated.

In any case, the information contained in the previous paragraph may be good
starting information with which to figure out the answer for the “cluster expansion
paradox” as posed on-line at the forum site.

21.4 Van der Waals theory as a mean field theory

Note that the total volume excluded by the hard core repulsion is given by N(N -
1)Q2/2 ~ N2Q/2. So, it is NQ/2 per particle.

Note that from, Eq. [21.2]

Z(N,T,V) = N';XW [ddexp(—ZﬁUij) (21.58)

i<j

A mean field approach can be taken to replace the potential energy with an average
potential energy for the attractive part. Then, the integrand is simply a number,
and the integral becomes V(V = Q)...(V = (N -1)Q2) due to the excluded volume. By
taking the log and approximating (using /V <« 1) and then re-exponentiating, we
get

VIV-Q)..(V-(N-1)Q) ~ (V-NQ2)N (21.59)

which basically reflects our observation above that the excluded volume is NQ/2 per
particle.
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21.4. VAN DER WAALS THEORY AS A MEAN FIELD THEORY

Now, let us look at the mean-field approximation for the potential energy

1 .
ZUij = —n2 / d3$1d3£[}2U($1,$2) (2160)
i<j 2 attractive part
= 1n2V47r foodrrg -u "o (21.61)
- 9 ro 0T6 .

using the same approximate model as in Section [21.2] The integral is elementary, and
we get

1
i<j
Thus, the partition function is given by
ZINT.V) = — [(V—NQ) ("EQUO)TV (21.63)
)T NN 2 )P\ ' ‘

We can compare this equation with the partition function for an ideal gas (Eq. 6.44)

1 (VY
Zo(N,T,V) = ﬁ(ﬁ) :

Clearly, it indicates that the reduction of volume by N€/2. Also, note that

P = _W = kBTW (2164)
NEkgT uOQnQ]
= - (21.65)
[V—N% 2
[évjjig anQ] a=upfdf2, b=Q/2 (21.66)
(P +an®)(V —=bN) = NkgT (21.67)

So, the van der Waals equation of state can be derived as a mean field theory where
the average attraction energy per particle —nQug/2 = —an reduces the pressure and
the core repulsion reduces the volume by bIV.

From the partition function, the Helmholtz free energy can be written down as
(using Sterling’s formula)

F(N,T 0\ NngQ
ENTV) Nlog(V—N—)+M—NlogN+N—3NlogA (21.68)
“kpT 2 2
- Nlog(%—%)+W+N(1—3logA). (21.69)
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NOTES FOR LECTURE 21. INTERACTING PARTICLES (SCSM)

21.5 Van der Waals theory and phase transition

As derived using the cluster expansion, the van der Waals equation is not expected to
be quantitatively valid at all near the gas-liquid phase transition where the tempera-
ture is low and the density is high. Nevertheless, this equation is historically the first
equation to explain the gas-liquid phase transition, as it has the qualitative features
to do so.

Note that, within the grand canonical ensemble, the number N is determined
as that value of A that minimizes the “would-be”[f] grand potential Gu(p, T, V) =
F(N,T,V) - uN, a central subject explained in LN 7 and lectures prior to it. Since
V' is fixed in this minimization, we might as well divide by V. Also, diving by —kgT
as above for F', we get

g/\/(l%TaV) _ ( -1 Q) BQUO 2
TV zlog |z A +(1-3logA+Bu)z (21.70)
= zlog (27 = b) + Bax® + (1 - 3log A + Bu)z. (21.71)

Here, x = N'/V. Due to the division by a negative number, we would need to maximize
this function of z, and x,,.,, = n, the average particle density.

The physical range of x is from 0 to 1/b, since b is the excluded volume per particle.
As x — 1/b, the above function goes to —oco and as z — 0, it behaves as —zlog . Thus,
we expect that this function to reach a positive value and then drop to —oo as x — 1/b,
ensuring at least one maximum (i.e., a minimum of G), as it naturally should.

It can be further shown that the above function has either (1) one maximum, or
(2) two maxima and one minimum. When the latter happens (at low temperature),
the two maxima correspond to the density of the gas phase and the density of the
liquid phase. These behaviors gave the first prediction of a phase transition between
a gas phase and a liquid phase. This is a great discovery of the van der Waals theory!
While the theory is not quantitatively correct (most mean field theories aren’t!), the
theory is able to qualitatively predict (most mean field theories do!) that there is a
phase transition.

As a function of T', the thermodynamic potential develops a non-analytic behavior—
a singularity. Just above 7%, the transition temperature, the grand potential is lower
in the gas phase, so the density ng4, prevails. Just below 7™, the liquid density niquid
prevails, since the liquid phase is lower in the grand potential. So, the density is dis-
continuous! Or, by the van der Waals equation of state, the pressure is discontinuous!

4This is not the grand potential just yet. It becomes the grand potential when we have found A
that minimizes it. So, the subscript A/. For this reason, Gar # —PV. In other words, u here is not a
function of N at all, but is a function of N.
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21.6. SCATTERING OF WAVE

Note that G = =PV, and so it means that G is discontinuous. The reason for the
singularity is not to be found in the non-analyticity of the expression Eq. [21.71], which
is analytical in the physical domain. In fact, since all thermodynamic potentials are
nice integrals and they seem to have no reason to be non-analytic. If you see the
argument above for the non-analyticity, you realize that the non-analyticity comes
from the rule of large numbers. So, a phase transition is possible only in the
thermodynamic limit (N,V — o). We have no problem accepting it—we surely
know that phase transitions occur predictably when we boil water, for example, and
also know that the water in a pot has a lot of molecules. Here, we find that these two
facts are inseparable.

Other typical discussion of the gas-liquid phase transition involves the Maxwell
construction of the Gibbs free energy along an isotherm, and the Clapeyron equation
at phase coexistence (dP/dT = AS|AV; AS = LT is the entropy change (L being the
latent heat), AV = the volume change across the transition). These are elementary
topics, which can be made using the van der Waals equation of state, and they are
usually covered in lower-level courses. So, this topic is left for your reading (and
possibly some homework problem).

The gas-liquid transition is a first order transition, as the latent heat is involved.
However, as T' is raised, the latent heat vanishes just when the gas-liquid phase
transition disappears. The T, P. values at which this transition just disappears define
the critical point. At the critical point, the transition is a second order transition,
since the latent heat vanishes (or more generally, since the first derivative of the Gibbs
free energy is continuous).

A more aggressive application of van der Waals equation is to use it to quanti-
tatively describe the behavior near this critical point, and generally to apply it to
describe the phase transition quantitatively. However, this naive hope was not met
with success. Instead, a proper way of dealing with critical phenomena is the renor-
malization group, which we will consider in a later part of this course. The description
of the critical behaviors and the universality classes associated with them is one of
the most important developments in the statistical physics in the latter half of the
last century.

21.6 Scattering of wave

It is important that all of what we discussed so far is related to measurements. Of
course, the equation of state is something that one can measure. Indeed, measure-
ments and characterizations of the equation of state came first, and then our theoret-
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NOTES FOR LECTURE 21. INTERACTING PARTICLES (SCSM)

ical understanding of it came next. The measured data of the specific heat of solids
gives access to the entropy and other fundamental thermodynamic functions.

Here, we describe another important class of experiments—wave scattering. One
should always keep in mind that experimental data carry all information regarding
the interactions present in the system. Just because the theory cannot handle all the
interactions should not deter a phenomenological understanding which can be devel-
oped from a critical set of data and good theoretical ideas. Scattering experiments
give very detailed information for many thermodynamic quantities. In particular,
within the semi-classical statistical mechanics, a complete measurement of pair den-
sity function from a scattering experiment gives a complete access to all equilibrium
thermodynamic functions, as shall see in the next section.

The starting point of any scattering discussion can be taken as

exp(ikr)

W(7) = exp(ik-7) + f(k,0) (21.72)

r

Here, we shall confine ourselves to an elastic scattering, so k = |l;| is used in the
second term. In other words, we are considering a diffraction. While this form
of wave function should be familiar from the elementary non-relativistic quantum
mechanics, this wave function can be viewed as generally applicable for any wave
that gets scattered. That is, whether the incoming wave consists of light particles,
electrons, or even atoms/molecules; the above formula says that it comes in in a
plane wave form (by an experimental setup) and then scatters off with the quantum
amplitude f(k, Q)E] in a form of a spherical wave with angle dependence included by
the 6 dependence of 6.

In the above expression, the implicit assumption is that the sample by which the
wave is scattered is small in comparison to the experimental dimensions. Importantly,
the sample to the detector distance (r) is large compared to the sample size so that it
makes sense to say that the sample is placed at the origin and acts as a point source,
as the above equation implies.

So the above equation satisfactorily describes the experiment. But, here we are
interested in the theory of it.

For doing the theory, let us suppose that our sample consists of N fixed scattering
centersff| We can then apply the above formula to each scattering center. With the

®You can, and should try to, show that do/dS) = |f(k,0)|*.
6S0, here we are assuming that during the scattering event, the movement of atoms is much less
than the wavelength of the probing wave.
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21.6. SCATTERING OF WAVE

origin fixed somewhere inside the sample, the individual scatterer will cause

exp (ik|7 - z;])

—

Wi(2) = exp(ik - ) + exp(ik - Z;) f; (k. 6;) e (21.73)
J

In the second term, the exp(i/:: -Z;) term accounts for the extra phase that is accu-
mulated before the light scatters off of the scattering center at z; as opposed to the
origin.ﬂ The angle 6; means the angle of the outgoing vector z — Z;. Now, let us
assume that each scattering center is identical. So, we put f,,(6;) = f;(6,) with the
subscript m is used to mean “molecule.”f| In addition, using the same assumption as
described above, we can put 6; ~  and |7 — Z;| ~ r where 7,0 as defined in Eq. 21.73|
Also, noteH that exp(ik|z — 2;]) ~ exp(ikr)exp(—il;’ -Zj). Thus, summing up'’| the
diffracted part of the wave we get the total scattering amplitude f(k,0) of Eq. [21.73
in terms of f,,(k,0)’s as

F(k.0) = fu(k,0) e R = p (k) e T (21.74)

q=k -k (21.75)
Note that, here, we use ¢ as the change of the wave vectol]] not as the generalized
coordinate. For a unit incoming flux of the wave, the intensity of the diffracted wave
measured by the detector at distance r and angle 6 is given by

f(EDP _ fmlk )P  7G-

[ =i = e Y (21.76)
75l

Finally, the ensemble average must be taken to take into account of the statistical
distribution of microstates

p o GO (k)P (Z()> (21.77)

r r2

7l
Analogous to the single particle density function (Eq. 5.23), the two particle den-
sity function is defined as

f2(5,%,5",3") = {305 - p;)0(F - 3;)0(p" —pr)o (2" - fz)) (21.78)

gl

"Some more discussions of this problem can be found at this URL (homework 3).

8If a molecule consists of an array of atoms, then one can extend this current consideration to
see that f,, =3 exp(i% (%15 —Zj)) fayi;, where fq ; is an atomic form factors for the I-th atom,
and f,, is the so-called a structure factor.

9This was shown in class, or, it is left for your exercise. Also, see footnote

10You may wonder whether this simple summing up is good enough, worrying that there may be
multiple scattering events. Indeed such multiple scattering is known to be important for electron
diffraction. For X-ray scattering, it is less of a concern.

"This is a very common notation in scattering physics.
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Integrating over momentum variables, we get the two particle distribution func-
tion or the pair distribution function:

na(Z,3') = (Z 3(Z - 7;)0(3" - 7y) (21.79)
J#l
From this, it follows that
<z e—ﬁ@-@) = [ &% P3¢ @) g (3,3) (21.80)
j#l

So, the diffraction intensity is proportional to the Fourier transform of the two particle
distribution function. Note that the two particle distribution function is of order N2.
So, we can drop the diagonal sum (j =) in Eq. 21.76] which gives N. Assuming the
translation invariancd]

no(Z,2") = no(Z-2"). (21.81)
So, the diffraction intensity is finally expressed as

i) - a0

12(q) (21.82)
where, to recapitulate, k is the magnitude of the wave number of the probe wave,
r, 6 define the position of the outgoing wave detector relative to the sample, V' is the
sample volume, and 75(q) is the Fourier transform of no (%, z") with respect to z—z".

So, assuming that one has access to the f,, quantity, it is possible to measure
directly the two particle density function just by doing a scattering experiment!

21.7 Thermodynamic functions from pair distri-
bution

In semi-classical statistical mechanics, if no (2, 2') is known completely, then all ther-
modynamic functions can be derived. Here, we will show that E can be derived. In a
homework problem, you will show that P can de derived from ns(z,z’). Recall from
the discussion of LN 7, we have

_OlogZ

a(_ﬂ) NV .

12This should hold in normal situations. However, if considering a system of liquid residing in
a crystalline environment, this assumption will be broken. In that case, the crystal translation
invariance must be incorporated instead.
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21.7. THERMODYNAMIC FUNCTIONS FROM PAIR DISTRIBUTION

The partition function is given by, in the presence of the interaction (from Eq. ,

logZ = -3Nlog A\(T") —log N! + log [[ dq exp(—ﬁHmt)] (21.83)

where Hiny = Y;.; Usj. The derivative of the A(7)-containing term gives the equipar-
tition energy for the kinetic energy, which is %N kgT. Effecting the differentiation of
the last term, we get

E

3 fdaHinteXp(_ﬁHint)
—NkgT + — 21.84
o ' [ dq exp(-BH;nt) ( )
3 1 fdaUU eXp(—BHmt)
ENEksT + = — 21.85
o P 2; [ dq exp(-BH;nt) ( )
3 1 /dglU(alvc_jj)eXp(_ﬁHmt)
—NkpT + = — 21.86
2P 2; [ dq exp(-BH;nt) ( )
3 1 i = ] AA0(T = Gi)O(3' - G;) exp(=BHint)
~NkgT + = [d3:cd3x’U z,z' 2 J 21.87
o B 2 ZJ: ( ) [ dq exp(-Hint) ( )
3 1 o e e J dA(T = Gi)0(Z" - G;) exp(=BHint)
—NEk T+—[d3xd3x’U z,z’ - ]
7T ( )ZJ J dd exp(~BHin)
(21.88)

3 1 32 13221 = = = =

= §Nk3T+ 5[0[ zd’z'U(z,z" )ny(z,2") (21.89)

where, in the last step, we simply used the fact that the pair distribution function is
the ensemble average of the two particle density in the real space, ¥.,.; 6(Z —¢;)0(2’ -
¢;). Thus, assuming that we know the form of the two particle potential, U(z,z'),
we can simply derive the energy from the two particle distribution function!
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