Notes for Lecture 17

Correlation and ¢

We have considered the ferromagnetic Ising model from the mean field point of view
and arrived at the Landau theory of phase transition. Here, we shall discuss an
essential characteristic of the problem, the correlation and the correlation length (&),
and look towards the renormalization group theory. Note that in this lecture note,
our theory is general, definitely going beyond the mean field theory that we used in
the previous lecture, while examples that we use will be limited, for now, to the mean
field theory examples.

17.1 vy, the fluctuation-dissipation theorem

Within the mean field theory of the ferromagnetic Ising model, we have seen, in the
previous lecture, that the magnetic susceptibility x diverges as T' - T,.. Combining
this fact with what we know for the general theory of statistical mechanics (Lecture
7) we can learn some important facts about the correlation, a key concept in the
theory of phase transition and beyond.

From the general theory of various thermodynamic ensembles and potentials (Lec-
ture 7), we get

M =

1 (W)T (17.1)

I6] OH
The susceptibility that we defined per spin, in unit of up per field (Egs. 16.21 and
16.2), x = % = NLB (g—%)T, is then given by
o1 (8210gX(T,H))
~ BNug OH? T

(17.2)
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17.1. x, THE FLUCTUATION-DISSIPATION THEOREM

On the other hand, from Lecture 7, we recognize that this must be related to the 2nd
order cumulant of the magnetization random variable (cf. Eq. 16.1)

M = MBZO',; (173)

where ¢ = 1,..., N is used to count spins on the latticdl] Since the coupling of H
and M enters in X, through the exponential term exp(SHM) in summation over
microstates (Eq. 7.5), we see (from Eq. 7.7) thatP]

1 (0%?log X 9
@( 8H2 )T = <M )c’
which means that
X = Ni (./\/12> fluctuation-dissipation theorem (). (17.4)
1B ¢

As indicated, this is an example of the so-called fluctuation-dissipation theorem,
which states that how susceptible the system is to an external driving “force” is
proportional to how large the fluctuation of the system’s “displacement” is without
the driving force. When the magnetic field H is small, x is independent of the H field,
as M o< H. Therefore, it follows that the right hand side can be evaluated with H = 0.
A kind of laymen’s way of explaining the fluctuation dissipation theorem is this: a
system’s ability to make something happen when a chance arises is proportional to
the amount of the fluctuation of that something inherent in the systemf] We have
actually seen this theorem in action, before, Eq. 6.39:

C, = kpf? <52)C fluctuation-dissipation theorem (C;). (6.39)

In this case, the system’s ability to raise energy when an external “force” (dT) is
applied, is proportional to the inherent energy fluctuations of the system. As y is
the susceptibility of the system in the sense that dM = ydH, C, can be understood
as the “susceptibility” in the sense that dE = C,dT. You might have guessed by now
that the fluctuation dissipation theorem must apply to non-equilibrium states as well.

!Note that we have been using the one dimensional index i to count spins, no matter what the
actual spatial dimension of the lattice is. Any multi-dimensional integer tuple indices (i1,1i2, 13, ...)
can be mapped to one dimensional indices 1.

ZNote that in Lecture 7, we have been using y for the random variable for the equilibrium
“displacement” variable z. That x is identified with M in the current magnetic problem (and J
is identified with H). That freed up the symbol , which is the standard symbol for the magnetic
susceptibility, just in time for us. Please be ware that we have been using x for the magnetic
susceptibility whenever we considered a magnetic problem (cf. footnote 12 in page 12 of LN 8)!

3By changing system to person, I think this theorem agrees with the notion why the seemingly
totally “useless” things that people (= mathematicians, physicists, or students in liberal arts college)
do sometimes turn out to be very useful!
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NOTES FOR LECTURE 17. CORRELATION AND ¢

Indeed, the theorem is better known for these states. For instance, let us consider an
electrical current flowing in the z direction. The electrical conductivity, o is given by
Jq = 0E (Joule’s law), where j, = gnvg (n is the particle number density = N/V, ¢ is
the charge per carrier, and v, is the “drift velocity” v, = (v)) is the electrical current
density and F is the electric field: o is proportional to the equilibrium fluctuation of j.
Likewise, the diffusion constant, D, is a “susceptibility” in the sense that j, = —DVn
(Fick’s law), where n is the particle number density as before, and j, = nvy is the
particle number current density{’}

17.2 y, the spin correlation

Now, let us re-focus our attention on y. Expanding in terms of o;’s we get

X

Z T, O'] cross-cumulant, correlation

Z (o1, crj)c assuming crystal translation invariance

N

Buz ). ((710,) - (01) (o)) (175)

j=1

Note that this is a very general result, valid independent of any approximation em-
ployed (or not) to solve the problem. If we define

L' = (0105) - (01) {0;), correlation (17.6)

4The proper discussion of these topics falls into the realm of “Kubo formula,” which involves
time and position dependent current-current correlation functions. You are encouraged to research
into this topic, if you are interested in the quantum many body formalism of transport phenomena
(and susceptibilities as well; see Kubo, Rep. Prog. Phys. vol. 29, 255 (1966), e.g.). In the simpler
Boltzmann theory, one can obtain, by taking the relaxation time approximation, the following results
for DC transport along the z axis and clearly demonstrate the fluctuation-dissipation theorem nature
of c and D: o = % (]’q’mz)c and D = % U”’IQ)C’ where 7 is the relaxation time. Using j; . = qnuy,
and jp » = no,, we get o = q275n<7}m2)c and D = 7'(7/£2>C. Dividing these two equations, we get
o/D = ¢*Bn. Defining the carrier mobility u as p = o/(nq), we get u/D = ¢B. This result is the
so-called Einstein relation: D/(kgT) = u/q.
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17.2. x, THE SPIN CORRELATION

then our result can be put in a more compact form as

X = Bus ZFj. (17.7)
J

Note tham = (a_j), and so I'; can be 1 at the most. And, it cannot be less than
—2. Thus, for x to become a very large positive value, it is necessary that I'; > 0 for
many j values. Clearly for x to become infinitely large, as it does at the critical point
(Section 16.1.3)@, I'; must be non-zero for infinite numbers of j. This means that
there must exist a long range correlation of spins at the critical point’

We shall investigate the near critical point behavior in the subsequent sections.
How about far from the critical point? It is clear that, if 7" > T,, spins will be
all random, really, and there would be no correlation at all at a long length scale:
I'; = 0 for any large j. This is also true for 7" <« T,. At first sight, one might be
misled by the expression “correlation” that there is also an infinite range correlation
at low temperature, since all spins are aligned along the same direction. However,
the correlation must be understood as the correlation of fluctuation, since it can
be re-written as

r; = ((0’1 —H) (Jj —@)). (17.8)

Suppose one focuses on one spin, and “holds” that spin so that its value is signif-
icantly different from its thermal equilibrium value. The correlation measures how
this deviation from equilibrium is remembered by all other spins. Away from T, this
memory is only short-ranged. The following argument explains why this is plausible.
If T« T,, then the stability of the ordered phase requires that the system be stable
under an “occasional flip of the spin.” If holding a spin creates a long range corre-
lation, then the system is not stable. If T"> T,, then the system is in a completely

This is because we are considering a ferromagnetic Ising model, here. The mathematics of what
we have carried out so far in this section, however, is still valid for an anti-ferromagnetic Ising
model. Tt is just that an anti-ferromagnetic Ising model (J < 0) does not show a divergent magnetic
susceptibility at the transition, which is understandable since the correlation I'; will alternate in
sign for an anti-ferromagnetic fluctuation. Instead, the so-called staggered magnetic susceptibility
diverges at the anti-ferromagnetic phase transition. The staggered magnetic susceptibility requires
a magnetic field that flips sign at nearest neighbor lattice sites, and thus it remains a theoretical
susceptibility only.

6More correct solutions show that the mean field theory prediction that y — oo at T, is a correct
prediction. However, the exact manner in which x diverges is not correctly predicted by the mean
field theory in dimensions lower than the “upper critical dimension,” mentioned in class.

"The discussion here makes it clear that the mean field theory does predict some long range
correlation even if it starts out by assuming no correlation between spins. Otherwise, we would
never obtain a divergent susceptibility! It would thus be incorrect to assume that I'; = 0 for j # 1 in
Eqgs. although such an assumption would be consistent with the initial assumption of the
mean field theory, it is not consistent with the result of the mean field theory. One may note that
this state of affairs is typical of an approximate method such as the perturbation theory.
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NOTES FOR LECTURE 17. CORRELATION AND ¢

disordered state, and by definition an occasionally occurring fixed spin (e.g., due to
a magnetic impurity) in the lattice cannot bring any order. On other hand, at T,
a truly long range memory of such a fluctuation is formed!

17.3 Correlation, Bayesian view

Let us try to quantify what we just discussed a little more. By explicitly writing
down the ensemble average, it is straightforward to re-write Eq. as

T = ploy), - p-{o;)_ - (p+ - p-){oy).

Here, the conditional ensemble averages U , are defined for any random variable

z(01,09,...,0n) af]

(x), = === - : (17.9)

N e—BM(o1=£1,02,03,....0N)

L7309,

Using this definition, it is straightforward to show that

(z) = pi(z), +p_()_ (17.10)
where p, and p_ are unconditional probabilities (Eq. 4.3) for oy,

D e~ BH(01=£1,02,03,....0n)
02,08,..,0N

Pe = 201 02,03,..,0N e PH(01,02,03,....0n) (1711)

As simple examples,
(0;) = pu{oy), +p-(o;)_, (17.12)
(0105) = ploj), —p-{oj)_, (17.13)

which have been used for the derivation of the above expression for I';, the first
equation with j = 1 and the second equation as is. For j = 1, note that these two
equations become

@ Dy — -, (17.14)

(62) = py+p- =1, (17.15)

8This equation is written in the common “two equations in one” convention, where the choice
of the upper symbol or the lower symbol from the sign + (or F, if used) is to be made uniformly
throughout the equation. This convention is used whenever + or ¥ appears in our equation.
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174. ¢

as expected. As we discussed at the end of Section|17.2] the correlation I'; is concerned
with the memory of the fluctuation

5o, = o, —(0;) (17.16)
in terms of which the above expression for I'; becomes
I'; = p.{do;), —p-(do;)_. (17.17)
Note that
0 = (d0;) = pi(00;), +p-(do;)_. (17.18)

Therefore, we get a simple and quite general result for I';.

[ = 2p,(d0;), = —2p_(00;)_. (17.19)

This result shows clearly the essence of the discussion given at the end of Section
[17.2] This result is valid in all settings, since we did not assume anything, other than
the basic principles of statistical mechanics. It is valid at any temperatures. It is valid
for any correct solution of the problem, regardless of any approximation taken or not:
mean-field solution or exact solution. It is also valid with or without an external H
field. Finally, it is valid for any j values, including j = 1 (auto-correlation).

Our primary interest is a zero field correlation. So, assume H = 0. It is now easy
to see why I'; ~ 0 for any j if T' << T,: either p, or p_ ~ 0. For T'> T,, we get I';_; ~ 1
since p, ~ p_ ~ 1/2 and do; ~ o;. However, for large j, we expect that o; fluctuate
randomly, independent of oy, and thus, I'; ~ (a_j) . ~ 0. Indeed, measurementﬂ show
that, for T" > T,, the spin correlation ceases to exist beyond the nearest neighbor.
Only near T;, I'; remains finite for a macroscopic number of j values. Note that for
any I'~T. or T'>T,, I'j.; ~ 1. As we shall see later, this correlation diminishes as a
power law in j at T, while it diminishes exponentially in j if T"# T..

17.4 ¢

The range of correlation that we just discussed is quantified by the parameter

¢ = correlation length

9The neutron scattering is the primary technique by which the spin correlation function can be
measured directly.
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which is arguably the most important number in the theory of phase tran-
sition. Here, we will use the mean field theory to introduce this concept, and then
discuss it in more general terms.

Our focus here is on temperature values near the critical temperature, T' ~ T..
More precisely speaking, what we will discuss in this section is applicable when the
zero-field order parameter is very small, i.e., T'~ T, or T' > T..

For our discussion, it helps to be specific about the crystal structure. In a three
dimensional cubic lattice with lattice constant a, the lattice vectors are given by

Fi = a(i1£+iggj+i32) (1720)
where 71, 19,73 = integers, a is the lattice constant, and 7 = 1,..., N is the serial index
that is mapped from the group index (i1,i2,73). From a large scale point of view, r;
becomes a continuous variable, and we can write it as 7. In the following, we shall
leave the dimensionality of the space as general (d), and so we will consider a cubic
crystal in d dimensions.

d
7, = az 10 €o (17.21)
a=1

where é, is the a-th unit vector in the d dimensional Cartesian coordinate system.
Following are some definitions (=), and facts (=).

fd? = /ddF7 fdl?: = —/dd%, (hyper-)volume integral ~(17.22)
vy = a?, unit cell (hyper-)volume (17.23)
f(]_i')) = / dr e‘ig'gf(F), Fourier transform  (17.24)
f(r) = 1 / dk eiz'?f (/;), Inverse Fourier transform  (17.25)
(2m)
(27)%5(k =0) = V, f dr e = (21)5(k)  (17.26)
. 1 1 .
5(F=0) = —. Z=—fdr (17.27)
Vo i Vo

The total magnetization random variable is then given by

M= ppY o = ’“‘—dem(ﬁ), (17.28)
i Yo
o(r) = o(ry) = o;. (17.29)
The ensemble average of o(7) is the per spin dimensionless magnetization
- M
o(r)) =m = . Eq. 16.2 17.30
(o) Y (Bq. 16.2) (17.30
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174. ¢

Let us consider the mean field theory as we did in Lecture 15:

(0;) = tanh (BH;up), solution for (o) (15.25)
J
H, = H+— (o)) Eq. 15.23 plus external field H (17.31)
KB jenn(i)

Using the notation Eq. and using the multi-variable Taylor expansion,

S\ L1 SN2 .

Y o5 = zop+ (Z 5]-) Vo, + 5 (Z (5j : V) )O'Z' + .y o; =o(T).

j=nn(z) J J

where z is the “coordination number,” i.e. the number of the nearest neighbors, as

before (LN 15, page 10). For our cubic crystal, z = 2d, but we leave this as symbol

z, anticipating the application of our result here to other sufficiently symmetric non-

cubic crystal structure as well (see footnote . Here, §;(r) vectors are nearest

neighbor displacement vectors: 7 + §;(r) corresponds to a nearest neighbor lattice

point for 7 at index 7. For any inversion symmetric crystal, we get >, d;(r) = 0, and

so the second term vanishes. In addition, for our cubic crystallY]it is easy to see that
a2 R

% ¥ ((5j . V) = a?V?, where a is the lattice constant. Thus, we can write

Ja? -, —

<Ui> + — V2<0'7;).
KB

J
Hi ~ H+ —Z

B
Now, we plug this into Eq.[15.25, Assuming that we are near the critical point, that

the H field is small, and that the spatial variation of (o;) is small, we get, using
tanhd ~ 6 — 5%,

—3

[0 = BusH + 572 () + BJa* §or) - (872)° o)

R —3
where only the leading order terms for H and V(o;) are kept and terms up to (o;)

are kept. Using dimensionless variables ¢ and h (Egs. 16.14, 16.15), and noting our
assumption ¢ ~ 0, this equation is approximated as

2
a® - o7 1—s3

t{o;) - ?V (o) + §<ai> = h. (17.32)

For a spatially uniform field that we assumed so far, the equilibrium magnetization
(0;) would also be uniform, and thus the second term vanishes, and we get the same
equation, tm + %m3 = h, with m = (0;), as in the last lecture. Then, we repeat the

However, a similar conclusion holds for a sufficiently symmetric crystal structure, such as a two

N .
dimensional hexagonal crystal structure: %Zj (5j . V) = Aa?V?, where A is a number of order 1,
and a is the lattice constant.
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NOTES FOR LECTURE 17. CORRELATION AND ¢

same result that we obtained there: tm + %m3 = h is identical with Eq. 16.25, which
is in fact applicable for any t ~ 0; for t > 0 the m3 term need be dropped, since it is
negligible. We certainly do not want to just repeat what we already know. What is

really new in this new mean field calculation?

The first thing to note is that nothing that led to the above equation so far prevents
us from assuming a position dependent field H(r)! In this case, we expect that the
equilibrium magnetization will be position dependent also. Thus, with

m(r) = (o3) (17.33)
the above equation becomes

(62 - Z—t)m(?) - Zm(P) = -

(7).

a?

(17.34)

a2

The second thing to note is that, based on the discussions in the previous two
sections, a good way to “probe the system” is to turn on the h field only at the origin
(¢ = 1). With such a delta function field, we would be able to polarize the spin at
origin, more so for a stronger h field. For the time being, let us suppose that we have
completely polarized oy so that (o1) = +1 with a suitable “saturation field” hs. Then,
the magnetization distribution m(7') that results from this field will be precisely (o;) .-
By measuring the difference between this m(7),, and any zero field magnetization
m(7)n=0, we will be measuring precisely what we referred to as (do;), in Eq.
for zero field. To summarize, we get

# Do TST. (prvp-~1/2)

m(F)n, = m(Fn-o = (00(7)), jog {=r<mzo T>T. (p.=p-=1/2)

where in the T' $ T, case we used Eq. [17.19] and noted that

1 1 1 —
py =1-p_ = 5%5 -3t ~ 3 h=0, (o1)~V-3t (17.35)
the result of Eq. 16.26, with A = 0 with the + sign chosen by our convention for
the saturation direction. However, there is a problem with this argument, and some
careful discussion of the problem is necessary.

First, the problem. We note that in order to (nearly) saturate the spin, we need
hs ~ O(1)! To see this, we must go all the way back to Eq. 15.25, with ¢ = 1 in

mind (and H applied only to the ¢ = 1 spin): (o1) = tanh (ﬁ,uBH +BJ Y, (Jj:,m>):

since tanh2 = 0.964 and tanh5 = 0.99991, we see that to get (o;) — 1, we need
hs~ BugH 2 4.
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174. ¢

Second, the solution is rather simple. We do not need to fully polarize the spin 1
at all. All we need is to apply an infinitesimal field and polarize the field just a little
bit. Suppose that we have done so. Let h, be such an infinitesimal polarizing field.
What would be the induced spin moment at spin 17 It is an equally small amount.
If the field was uniform, then the susceptibility will diverge as ¢ - 0, but this is not
expected for the local field h,. This can be seen, again, from the equation: (o;) =

tanh (ﬁ,uBH+BJZj (Uj:nn>)- Assuming that t > 0, we get (o)) =~ %<h+(ann)),

where (0,,,) is the average induced moment at nearest neighbor sites. For a localized
biasing field, (0, ) can not be identical with (o), but it would be somewhat reduced.

Writing (0,,,) = am; where my = (o1) and 0 < « < 1, we then get m; (1 - 1%5) = 1L+t So,
the susceptibility for ¢ > 0 is always finite. In particular, for any small |¢|, m; »~ & A
similar argument shows that the local susceptibility remains finite and independent

of t for t <0 as well.

Therefore, for an infinitesimal local biasing field A, and small [¢[,

o1, ~{01)4o = Ay A = constant; dimensionless local susceptibility — (17.36)

—

This means that, with Ay,

1+ <01>hb 1 +mh:0 + Ahy

pr=1-p_ = 5 = 5 (17.37)
Now, consider
wm(r) = m(r)p, — m(r)n=o (17.38)
for any 7 # 0. Since
(i, - LA My o M
e = LAty LD

where the h = 0 condition in the first line for (o(r)), is due to 7 # 0, and the second
line is nothing more than a simple rewrite of m(r),-o, we get

1+ mh:o + Ahy
2

(6 (F)), oo + L= {71)n=g = A (60 (F))_jo-  (17.39)

pm(r) = 5

Now, from Eq.[17.19] we get
1 1

(00 (r)) oo = 2p—hr(77)h=0 = TF(F)MO A i(l ;tho) L' (7) p=o-
+,h=0 £\01)p-0
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NOTES FOR LECTURE 17. CORRELATION AND ¢

Using this in the previous equation, we get
5bm(F) = Ath(F)hzo. (1740)

This plausible result makes it possible to measure the correlation function by applying
a small local field.

To summarize, the change of the magnetization pattern caused by an infinitesimal
local spin-biasing field, hy,

Sm(F) = m(F)p, - m(F)neo = Ay T(F)nso (17.41)

gives the full information about the zero-field correlation function.

So, let us investigate d,m (7). The applied field is given by

h(F) = hbéi,l = hbvoé(F). Eq. (1742)
Plugging this into Eq. [17.34] we get the following differential equation to solve:

(V2=b(T)) m(F) — em®(F) = -A&(F), Tw~T, (17.43)
2t z zhyv
where b(T) = ;, Cc = @, A= % (1744)

Our goal is to turn the above differential equation to the one for d,m(r) = Ahy'(7)
and then solve for I'(¥) (we omit the h =0 subscript, for brevity). First, we consider
the T > T, case, where the cubic term is negligible, and Ah, I'(7) = oym(7) = m(7),
since m(7)p-0 = 0. Thus, we get the following results:

(V2 -0(T))T(7) = -\'6(7), T>T., (17.45)
;A 2w

A Ve (17.46)

(K> +b(T))T(k) = N, T>T. (17.47)

I'(k) = k:2+/\—b(T) T>T, (17.48)

This form of the correlation function is referred to as the Ornstein-Zernike form.
Note that \/1/b(T) defines a length scale of the problem. This is what we are mainly
after, here! Before we write down what this length scale is, let us consider the T' < T,
case, also. In this case, we must explicitly consider dym(7) = m(r)p, — m(r)n=o, since
m(7)p=o = i\/@ = +\/-3t (as we find again here, or as we already found in Eq.
16.18) is not zero. For the same reason, the cubic term (o< m?) in the differential
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174. ¢

equation cannot be ignored. Writing m(7)s, = m(7)n=0 + dym(r), and keeping terms
linear in Ah, T'(7) = 0ym(7) only, we get

(V2 +26(T)) T(F) = -\'6(7), TST, (17.49)
(K= 26(T)) T (k) = X, T<T, (17.50)

JURN )\’
) = iy TST, (17.51)

So, we get this very important result.

Correlation length in the mean field approximation

1 a
= , T>T.
&(T) = b(?) Vet (17.52)

a

V(D) V2t

The essential physics that we can learn from this mean field exercise is that the
&(T) diverges as t — 0, i.e., as the critical point is approached.

At the critical point, the correlation length of the order parameter is infinite,
while the system is neither ordered nor disordered.

Here in the last part “not ordered” means that the system does not display a
net magnetic moment in any finite fraction of the system, on average. And, “not
disordered” means that the correlation length is infinite.

The infinite correlation length at the critical point is, as expected from our discus-
sion in Section robust, remaining valid beyond the mean field theory. However,
the manner in which this divergence occurs turns out to be incorrectly predicted by
the mean field theory, as you may have guessed.

The above Ornstein-Zernike correlation function can be summarized as

N AL
k:2+£i2' a?A

I'(k) = (17.53)
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It is possible to find the real space correlation function, by inverse-Fourier trans-
form, Eq.[17.25] But, first of all, by writing down the integral, doing the dimensional
analysis, and studying the integral in terms of the dimensionless variable 12-77, we get
the general form

d-2
a r
I'(r) = z|- -1, 17.54

(") == ( r ) ! (f ) ( )
where f is a function. You might find this functional form particularly familiar in
the case of d = 3. In this case, the function that we encounter here has the “screened
Coulomb potential” form or the “Yukawa potential” form.

L(r) = 4)7\”‘ exp (—g) : d=3, anyr+0 (17.55)

which gives a precise form that defines ¢ as the finite correlation length scale of the
problem for any non-zero ¢. In general, it can be shownl] that

d-2
z~%exp(—g), t+0, r>¢
r(A el &°7° (17.56)
a\%-2
z-(—) . t=0, =00, 1r—>00, r<<& d>2
r

Despite the appearances here, note that the value of the correlation function in real
space cannot be greater than 1 (Section @ and it is intuitively clear that it must
be a decreasing function of . As we saw in[17.3] T'(# = 0) ~ 1, indeed, for T ~ T, (or
any T' > T,). What we calculated above excludes r = 0 (page[10), and so the minimum
value for r is a. In any case, I'(7) has a strictly finite range: —2 < T'(¥) < 1 (Section

72

The power law behavior of I'(r) at ¢ = 0 corresponds to the long range corre-
lation, where I'(¥) remains finite at an infinite number of lattice sites, as discussed
qualitatively in Section [17.2] Thus, this long-range correlation is the reason why the
susceptibility diverges at t = 0.

In general, the correlation length and the correlation function are the two most
important ingredients of the theory of the phase transition.

"UHuang. Pathria and Beale.

121t would appear that this property is broken in some cases. For instance, if d = 2 and ¢t = 0
(€ = 00), then the solution at large r is given by I'(¥) o< logé7 and if d=1 and t =0, I'(r) o |z|/a.
Such solutions should be taken with a grain of salt. First, if |T'(¥)| becomes large, then the Taylor
series expansion (Eq. breaks down. Second, if |T'(¥)| becomes large, then it means that the
fluctuation becomes very large and so the mean field theory that we employed here breaks down!
Indeed, if d < 4, the mean field theory is not valid, and the effect of fluctuation becomes stronger as
the dimension is lowered. As we shall see shortly, in one dimension, the fluctuation is so large that
the finite temperature phase transition disappears.
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17.5. x, REVISITED

Critical exponents v and 7

& o< [t |t < 1 (17.57)
[(r) oc r2747 t =0, r > a, d = spatial dimension (17.58)

In the theory of the critical phenomena, the correlation length and the correla-
tion function play the central role. These two exponents v and n completely
determine other exponents, such as «a (C' o< |t|=; Section 16.1.4), 5 (m o< [t|?;
Section 16.1.2), v (x o< |[t|77; Section 16.1.3), and § (the equation of state h o< m? at
t = 0; Section 16.4). Within the mean field theory that we have used so far, we see
that v = 1/2. The correct value for v is 1 for d = 2, 0.6301 for d = 3, and 1/2 for
d > 4, justifying our mean field solution above only for d > 4. The 7 value is 0, within
the mean field theory. The correct values are 1/4 (d = 2) and 0.0364 (d = 3). The
interrelationship between these exponents is the subject of the “scaling hypothesis,”
to be discussed later with the renormalization group theory.

17.5 y, revisited

Eq. can be re-written as y = Bl’fOB [ dr T'(7), which is equal to, by Eq. [17.24]

v = B B <o), (17.59)

Vo

Within the mean field theory, we know that y ~ ;T}\Bﬂ (Section 16.1.3) near T.. Thus,
it must be that f(/; = () ~ %keTe _ % Gince A = 20 and € ~ \/%T’ we get, from

T2 T T aZA)
Eq. [17.53, f(/; =0) = \¢2 ~ %Za'—; = ﬁ—%, which is indeed the expected behavior.
In addition, note that the constant A can be determined by equating the two x’s

calculated, one calculated in the last lecture and the other calculated using I (/; =0).
Such exercise will confirm that A is a small finite constant, O(1), in agreement with

our discussion prior to Eq. [17.36]
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17.6 Landau theory, generalized

Considering the Hamiltonian

H=-pupH> 0;-J > 0,0, (15.13)
i {i.4)

in the continuum limit, as we did in the previous section, we get
/LBH/‘HHJZ'/HHQJCLQfHHnH
H =~ dro(r)—— [ dro(r) = — [ dro(r)Vo(r)+...
2= [dio(r) - 5= [ dro? -5 [ dio() ()
Integrating the last term by partd[®| Thus, it is straightforward to write

N = f dr A(7), (17.60)

2
Buph(F) = —ho(F) - JTzﬁa(W _ JaTﬁ (F0(7))* + ... (17.61)
Now, consider the Gibbs partition function
X = ) e (17.62)

{e(}

where the summation is over all possible functiond™] of o (7). At this point, let
us pause and think about what we have done above. We assumed that the order
parameter is slowly varying. This is why we could do the Taylor expansion such
as Eq. in the first place. The reason that we did so is not because there are
not short range fluctuations, but because those long range fluctuations are singularly
responsible for the phase transition physics. The proper formalism in which one
averages over the short range fluctuations and bring out the long range fluctuation
physics to the “effective Hamiltonian” is the renormalization group theory, which we
will discuss in a future lecture. At this point, it suffices to say that, assuming that such
a procedure has been carried out, we can consider 7 as a coarse grained position
variable, where many atomic sites are considered a single point, and similarly o (7)
must be taken as a coarse grained spin variable, the so-called block spin, the sum
or average over many atomic spins. Then, one notes that any block spin variable o (7)
will carry an entropy as well. With this in mind, we change the variable o (7) - m(7).

As in the last lecture, we write m instead of m, even if what we mean is the
random variable, not the thermal average, for the purpose of discussing the Landau
free energy.

13The “surface integral” vanishes, if one applies the periodic boundary condition or the fixed
boundary condition, procedures well-justified for the study of bulk physics.

1480, this summation would represent a functional integral, if the sum can be converted to an
integral.
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17.6. LANDAU THEORY, GENERALIZED

Now, one must write X as

X = ) e fOTS) o N oo BGImE)] (17.63)
{m() {m()}

where the Gibbs free energy random variable G is a functional of m(r). To be specific,
it is an integral over a function of m:

G[m(r)] /dr g(m(r)). (17.64)

where g(m(7)) is the Gibb free energy density random variable. As before, note that
G=Hy—-HM-TS, where H, is the internal energy of the system, corresponding to
E in thermodynamics. We write G instead of G, and g instead of g, for the purpose
of discussing the Landau free energy, just as we write m instead of m.

In the Landau theory, g(m) is expressed as an analytic function of m(r)

g(m(F)) = ~h(F)m(F) +a(T) + %ﬁm(f)ﬁ s %b(T)m(F)Q . }lc(T)m(F)“ s
(17.65)

In this expression, we have further scaled m(7) so that it is not dimensionless any
more. Rather, its dimension is determined from the requirement that g or [Vm(7)|?
has the dimension of energy per volume. Likewise, the h field is no longer dimension-
less, and thus is not equal to the & field that we have been discussing so fai}

Note that the above form of g(m) is well motivated by our above elementary
examination of the Hamiltonian density A (Eq. and the expected Taylor ex-
pansion of the local Gibbs free energy (cf. page 4 of LN 16). It is different significantly
from Eq. 16.54, the mean field Landau free energy for a uniform h field, only in that
we have now included the gradient square term of the magnetization.

It is now important to realize that as a theory examining g(m(7)) the Landau
theory is no longer a mean field theory. Rather, it is a theory that examines
the long range spatially-dependent fluctuations of the order parameter.

For a given set of thermodynamic variables, T', h, the system seeks to minimize
the Landau free energy G = [ dF g(m), as it approaches the equilibrium. This
minimization fixes the thermodynamlc variables of the system. However, there is no
reason why this this minimization occurs with a single functional form of m(7) at all.

This is easy to understand if one considers a one dimensional ferromagnetic Ising
chain. Considers a finite temperature and no field. The free energy, £ —T'S, must

15The same comment is applicable to the h field included in Eq. 16.34. It is not equal to other h
fields used in that lecture note, while m in Eq. 16.34 can be taken to be the same as other m’s used
in that lecture note.
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be minimized. Within the periodic boundary condition, one can consider the Ising
chain as a ring of spins. Naively, one might expect that all spins lining up in the
same direction is the best thing to do, assuming that 7" is low enough, but finite.
However, this is not so. Consider bisecting the ring in two. For one half, all spins
point up, and for the other half, all spins point down. This leads to an increase
in £, by 2J. However, it is to be noted that there are N/2 ways to bisect the
ring, contributing -T'AS = —kgT'log(N/2). So, the free energy for such bisected
configurations is lower by 2.J — kgT'log(N/2), which is a very large negative number
in the thermodynamic limit. This is the reason why in a one dimensional Ising chain,
the average magnetic moment vanishes at any finite temperature. And it is not just
bisected ring configurations. One can divide the ring into three parts, or four parts,
and so on, while keeping the total magnetization fixed at zero.

This one dimensional Ising chain makes it clear that (exponentially) many different
functions m(7) contribute to the equilibrium statd'] Also, from this discussion, it is
clear why the mean field theory prediction of a finite temperature phase transition is
completely broken in the one dimensional case. These two facts must be related to
each other.

Indeed, if one looks back on lecture 16, one realizes that there we treated each
spin as acting exactly the same way as all other spins. This is the assumption of
the mean field theory. Such assumption automatically implies only one functional
form for m(7)—a uniform function in the case of the ferromagnetic case. Even when
the external field h(7') was taken to be position dependent (Section [17.4]), we could
use the mean field theory and assumed the following. In the case of a delta function
field, we assumed that all spins following the average behavior, spin maximized at
the center of the delta function site and decreasing as it moves away from the site, is
sufficient to describe the thermodynamic state.

Making these observations, the meaning of the mean field approximation can be
put in a very useful form, within the Landau theory, as follows. In the expression
for the partition function, Eq. [17.63] one cannotl'’] use the rule of large numbers
(“the saddle point approximation”; Section 4.3) with respect to the functional sum

For one thing, we have no rule for large numbers for minimizing G[m], since the integral G =
[ dr g(m) does not involve any exponential function.

170One cannot over-emphasize the difference that would arise if one expressed the sum as the sum
over total magnetization variable: X = } 4 e BGMTR) - In this case, the rule of large numbers
must hold, of course, since M = O(N), and we get X = e #%min_ which is the reason why G =
Gmin = —kpTlog X in equilibrium. This was the very basis of the principle of statistical mechanics
that we studied with care in lectures 6 and 7. In those lectures, note that we never used the rule
of large numbers when the summation was over gy (microstates, which corresponds to m(7), if not
coarse-grained, of the current problem); we used the rule of large numbers only when the sum is
over macroscopic thermodynamic variables such as energy, volume, or magnetization (see page 7 of
LN 6, and also examine Egs. 7.2, 7.5, 7.6, 7.11, 7.12, etc. carefully).
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over m(r); the number of possible functions is exponentially large, invalidating the
assumption for Section 4.3.1. If one insists on using the rule or large numbers,
i.e., the saddle point approximation, for the sum expressed in Eq. [17.63],
nevertheless, then the resulting theory is the mean field approximation.

Clearly, this is a crude approximation. However, within the Landau theory, a
phenomenological theory at its heart, the situation is not as bad as one might think,
since (1) the formalism already includes some short scale physics in the correct way
by the coarse graining procedure assumed for m(r), and (2) the free energy density,
Eq. [17.65], can be used to go beyond the mean field theory.

Therefore, the mean field theory consists of taking the m(7) that satisfies
. dg
3G = f di 2 5m = . (17.66)
om

as determining the equilibrium value of G[m] completely[¥] The equation dg/dm =0
for Eq. [17.65, with unwritten higher order terms ignored, gives

~h(7) = V*m(7) + b(T)m(7) + «(T)m(7)* = 0. (17.67)

Assuming
o(T) = bot, by > 0 (17.68)
o«(T) = ¢>0 (17.69)

similarly as in Eqgs. 16.32 and 16.33, we get
(V2 = bot) m(7) - em(7)® = -h(7F), (17.70)

which indeed has precisely the same structure and the same ¢ dependence as Eq.

I7.34

17.7 Ginzburg-Landau criterion

Having applied the mean field theory, and knowing that it could be wrong, as discussed
in the previous section, one might ask how can one judge whether or not the theory is
incorrect? Generally, this would be the topic of the field theory, in which the Landau
free energy introduced in the previous section can be seen as quite similar to the ¢*
field theory for mesons.

180f course, one should, in general, make sure that the solution §g/ém = 0 gives the minimum,
not the maximum, of G.

G.-H. (Sam) Gweon 18 Phys. 219, UCSC, S2014



NOTES FOR LECTURE 17. CORRELATION AND ¢

However, using what we already know, we can make some simple physical argu-
ment, known as the Ginzburg-Landau criterion. Simply, one would require that the
fluctuation of the order parameter be much smaller than its mean value. The typical
magnitude of the fluctuation squared can be taken as the value of T'(7) at r = €. So,
we require that

% « 1. (17.71)

d-2
Using m? = -3t (Eq. 16.18), I'(¢) ~ z(%) (Eq. [17.54), and & ~ a/\/z|t| (Eq. [17.52)),

we then get z(z|t])27! <« |¢|, which can be re-arranged to give

e > 24 (17.72)

Note that this condition will be satisfied as ¢t — 0, only if d > 4, which is the reason
why d =4 is the upper critical dimension of the Ising model.

However, it is very interesting to consider the d < 4 case as well! All the more
so, since d < 4 is the more relevant case for the real world. In this case, the above
condition is equivalent to

d

|t| > z7-a. d<4 (17.73)

This is an interesting piece of information, if we combine it with what we already
know about our mean field calculation so far: the mean field example calculation
carried out in Section is valid for any T' > T¢, not just around 7. Thus, we see
that for "> T, and d < 4, the mean field theory is quite valid (cf. the importance
of the Curie-Weiss law in that temperature regime, discussed in Section 16.1.3) for
describing physical properties. As T is lowered, and gets close to T, predicted by the
mean field theory, however, we see that the condition [t| > 27 will begin to break
down. This temperature regime where the critical fluctuations destroy the mean field
picture is referred to as the critical region. It is a region of size [t| ~ 2i% up to
a numerical factor. As the result of this kicking in of the critical fluctuations as a
function of temperature, the mean field transition is not realized in real systems for
d < 4. Instead, the transition temperature must be lowered further for the transition
to occur. In some cases (d = 1), the transition is pushed all the way down to 0
K—the transition disappears! Spectroscopic tools such as neutron scattering and X-
ray scattering tend to detect strong increase in short range fluctuations at the mean
field transition temperature. Only when the temperature reaches the true transition
temperature, long range fluctuations are detected.
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17.8 x, re-revisited

Before closing this lecture, let us pay attention to a seemingly less important but
still interesting topic. We have seen that the magnetic susceptibility diverges as
T — T,. However, this behavior was obtained under the assumption that, as far as the
condensed phase is concerned, we do not change the direction of the magnetization.
When we discussed the critical exponent in Eq. 16.24, we were considering smooth
fluctuation around the actual value of the magnetization, avoiding the discontinuity
at h =0 (see figure in page 7, LN 16). Of course, we can reverse the magnetization
direction in an abrupt manner, if we apply a small field in the opposite direction to
the magnetization] within the mean field theory. In this sense, it is also correct to
say that the magnetic susceptibility?Y] is infinite for all 7' < T,, within the mean field
theory. This susceptibility for T' < T, can be calculated as follows. First, assume that
(0:) = 0 for any i (mean field approximation). Second, let us calculate (o10;). We get

(o105) = m(T) >0 (17.74)

since both o1 =1 and 07 = -1 act as an effective magnetic field to break the symmetry
into m and —m, respectively, where we take m to be positive. Thus,

Fj = m(T) > 0. for any j; from Eq.[17.6|and mz 0 for any ¢ (assumption) (1775)
And, therefore, from Eq. [17.7],
X = BupNm. (17.76)

Remember that this susceptibility is per-spin susceptibility. Thus, the fact that it is
linear in N means that it is divergent. It follows that the magnetic field of 1/(BugN)
is needed to reach the thermodynamic equilibrium magnetization m. This is the
symmetry breaking field required to force the choice of the magnetization, and it is
extremely small, O(1/N).

Two comments. (1) The above argument can be generalized as long as |(o),| <
m(T): for any partially magnetized state, we have y = O(N). (2) Interesting as it
is, this susceptibility does not diverge for T' < T,, if domain dynamics are included.
However, x(T - T,.) > o0 no matter what—within or beyond the mean field
theory—as we saw in the rest of this lecture!

91n reality, this process involves domain dynamics and hysteresis in reality, and also in theory, if

we include fluctuations, but, here, we stick to the simple mean field picture.
20Note that the susceptibility has been defined as % in this course. One may define the suscepti-

bility as M /H, also. In the second definition, the susceptibility would be infinite for any magnetized
ground state, whether or not the mean field theory is valid, or whether or not there is a hysteresis.
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