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Statistical Mechanics

(Turn in 2 out of 3 problems.)

Do each problem on SEP ARA TE paper.

Write your NAME, SECTION, PROBLEM # on each sheet you turn in.

Turn in ONLY two problems. Do not turn in all three problems.



Qualifying Exam Copy Disclaimer:

Solutions are submitted at an early stage in the Written
Qualifying Exam preparation process. No effort is made to
update solutions. Some questions may have been changed
since the solution was written. Solutions may contain errors,
inaccuracies and/or omissions. Use them cautiously.

If similar or related questions appear on any exam, errors,
inaccuracies and/or omissions in these materials will not be
cause for any change in score or outcome.



STATISTICAL MECHANICS - 1

1. A gas of molecules at temperature T has a density of n molecules per unit volume,
which is low enough to treat the molecules as almost non-interacting. Each molecule has

a dipole moment of magnitude p that can point in any direction. Calculate the dipole

moment per unit volume as a function of p, the electric field E, and T. Treat the system
classically.

Hint: The energy of a dipole in a field is U = -p. E.
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Problems

1. A gas of molecules at temperature T has a density of n molecules per unit volume, which is low enough
to treat the molecules as almost non-interacting. Each molecule has a dipole moment of magnitude p that
can point in any direction. Calculate the dipole moment per unit volume as a function of p, E, and T.
Treat the system classically
Hint: The energy of a dipole in a fi~ld is U = ~ - p . E.

Solution
p aligns with the field in the direction of the field. It's magnitude is < U > /E. Take E in the z direction.

< U >=
J drjJ Jdcos(8)exp(-(3Epcos(8))Epcos(8)

J drjJ J d cos( 8) exp( - (3Ep cos (e))

Where U = Epcos(8)
So we calculate

z ==j dcos(8)exP(-(3EPcos(8)) ex: j
PE

dUexp(-(3U)
-pE

and note that

< U >=
8 In Z

8(3

Integrating we obtain

1 .
Z =

73

smh((3pE)

Therefore
cosh ((3pE) 1 1

< U >= pE sinh((3pE) -
73

= pE coth((3pE) -
73

So that the dipole moment per unit volume is n < U > /E > which is

1
N(p coth((3pE) - (3E)

1



STATISTICAL MECHANICS - 2

2. Consider a ferromagnet, which for long wavelengths has a continuous dispersion

E(k) = ak2, where k is the reciprocal wave vector for magnons.

a. Calculate the specific heat for a three dimensional (d = 3) system valid at low tem-

peratures where the dispersion relation above holds.

b. Do the same for d = 2.

c. Show that for the same number of spins, the d = 2 system will have a larger specific

heat than the d = 3 system as T
--'>

0, according to the answers obtained in parts a

and b above.

d. Very briefly explain why does this not make sense and what is wrong with our as-

sumptions that produce this result.
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STATISTICAL MECHANICS - 3

3.
--+ --+

Consider two spin-l objects, S 1 and S 2, with Hamiltonian

--+ --+
H = J S l' S 2,

where J> O. Use Ii = 1.

a. Find the energy levels. Hint: Use (B,ot)' = (B] + B 2)"
whereB'ot is Lhetotal

spin, and note that the vector rule for the addition of angular momenta states tha.t

the allowed values of the total spin quantum number Stot are 0, 1, and 2 (each value
once).

b. Find the free energy, entropy a.nd average energy as a function of temperature, T.

c. What are the limits of the entropy as (i) T --'> 0 and (ii) T --'>
DO? Explain how

you could have obtained these values from elementary considerations without first
determining the free energy.
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Legendre Polynomials

1. Generating function:

2. Recursion relations

3. Normalization

Spherical Harmonics

1. £ = 0:

2. £ = 1:

3. Green's function:

Bessel's Equation:

Spherical Bessel Functions

Gamma Function

1. Integral Representation:

2. Functional relation:

3. Special values:

co

g(t, x) = (1 - 2xt + t2)-1/2
= L Pn(x)tn

n=O

(2n + l)xPn(x) = (n + l)Pn+l (x) + nPn-l (x)

(1- x)2 P;:(x) - 2xP~(x) + n(n + l)Pn(x) = 0

2

!
dX[Pn(x)J2 =

2n + 1

1
Yoo =

V47T

Yll = -
(3

sin(B)ei,p

VB;
Y10 = ff

cos(B)

d2R 1 dR v2
- + -- + (l--)R= 0dX2 x dx x2

jf(kr)
-+

sin(kr - fi.Jr/2)

kr

cos(kr - fI.1r/2)

kr

jo(p) =

sin(p)

p
no(p) = _

cos(p)

p

h(p) =
sinp _

cos(p)

2
-

P P

f(z + 1) = zf(z)

f(1) = 1 f(I/2) = V;



Fourier Transform

1. Discrete Fourier transform:

J(x) =
00

L Crne
27r~1nz

m=-oo

2. Continuous Fourier Transform:

J(x) = ~
1

00

dk J(k)eikx
211" -00

j(k) =
L:

dx e-ikx f(x)

Zeta Function

1. Integral representations:
roo n-l

Jo e: _ 1 = r(n)((n) n> 1

roo n-l

Jo e: + 1
= (1 - 21-nr(n))((n) n> 1

2. Special values:
1

((0) = -2
11"2

((3/2) = 2.612 ((2) = (5

11"4
((5/2) = 1.341 (( 4) = 90

Classical Mechanics

1. Euler-Lagrange equations:

d 8L 8L

dt 8qi - 8qi

2. Force in a rotating frame:

F
~

F- -
.,.

- - ( - ;;'\ 2 - -eff = - maf - rnw x r - mw x w x r; - mw x v,.

where Vr is the velocity with respect to the rotating axes, af is the acceleration of the moving frame
with respect to the fixed axes.

Quantum Mechanics

1. Harmonic Oscillator:

1
H = hw( - + at a)

2

at In) = Vn+1ln + 1) aln) = ynln
-

1)

2. Angular momentum:

hlj m) = Jj(j + 1) - m(m:l: l)lj m:l: 1)

3. Spherically symmetric potentials:

d2 2m l(l + 1)h2
[-

dr2 + 1j?(V(r) + 2mr?
- E)]PEI(r) = 0



4. Partial Wave Expansion:

1
co

.

j(e) = k 2::(2£ + l)e"" sin(o£)?£(cos(e))

£=0

4
co

(]" =
k: 2::(U +

1) sin2 o£

£=0

For resonance,

5. Born Approximation

Useful Integrals

1.

2.

1

00 sin2(x)
dx- = 7r

X2
-00

Electromagnetism

1. Energy density:

2. Poynting vector
-+ C -+ -I'

S = -(E x B)
47r

3. Maxwell stress tensor:

4. Dipole moment

5. Quadrupole moment:

Vector Analysis

1. Cross product

2. 10 tensor:

10123 = 1,10213 = -1,10112 = 0, etc.

EijkEilm = OjlOkm - OjmOkl

Complex Analysis

1. Principal Part or Principal Value, an example:

PP~ = ~( 1
. _ 1. )

x - Xo 27r2 X - Xo - 2E X - Xo + 210

Equivalently, one can do integrals over a small circle in the complex plane about Xo, weighted with 2;i'



PHYSICAL CONSTANTS

Revised 1989 by B.N. Taylor. BMed mainly on tbe "1986 M)ustment of th. Fun<lAmtntaJ Ph)"'ical ConstAnts" by E.R. Cobtn and B.N. Taylor.

Rev. Mod. Ph)"'.
59, 1121 (1987). The figu= in parentheses after th. val"", pve tbe l-oundard-deviation unCtrtainties in the last digits; the

unCtrta.inti.. in parts ptf million (ppm) art ~iven in tbe last column. The l1J>Cert&inties of the vallII'S from a lust-squares adjWltment are in
gtnfi&l correlated. and the Ia of error.propagation mWlt be uaed in calculating addition&! quantities; tbe full V&ri&nCt matrix i3 ~""n

in tbe

cited I'&ptr. Th...t of constants resulting from the 1986 adjWltm=t ba.s bttn recommended for international ...., by CODATA (Commit~ on

Data for
Scie"""

and Technology), and is the most up-to-date, generally accepted ..t avai\abk.

Quantity Symbol, equation Value Uncert.
(ppm)

opeed of light c 299 792 ~ m .-1 (exact)"

Planck constant h 6.626 07S S(~»( 10-34 J . 0.60

Planck constant, reduced " ;: h/21< 1.OM 5Tl 66(63)"10-34 J. 0.60

= 6.582 122 0(20»(10-:1:1 MeV. 0.30

electron ~ magnitude e 1.602 177 33(49),,10-19 C = 4.803 206 8(15)"10-10 eou 0.30,0.03

convmlion CO!]$tant he 191.327 053(59) MeV fIn 0.30
conversion CO!]$tant (he)2 0.389 319 66(23) Gev2 mbarn 0..59

el«tron mass m, 0.510999 06(15) MeV/e'- = 9.109 3891(54)(10-31 kg 0.30.0.59

proton mass mp 938.m 31(28) M.V It? = 1.6Tl 623 1(10)"10-27 kg 0.30,0.59

= 1.001216470(12) u = 1836.152701(31) me 0.012. 0.020

deuteron mass
"'<l

1815.613 39(51) MeV It? 0.30

unified atomic mass unit (u) (mkss C12 atom)/12 = (1 ")/N,,, 931.494 32(28) M,V/t? = 1.660 540 2(10)"10-27 kg Q 0.30.0.59

permittivity of free .pace <0
}

8.854 181811... ,,10-12 F m-I' (exact)

ptrmeability of free space
1'0

<01'0 = 1/t? 41<
"

10-7 N A -2
= 12.566 370 614 ... )(10-7 N A -2 (exact)

fine structure constant 0= t?/41<<ohe 1/131.035 989 5(61)1 0.045
claaaical.lectron radillS r, = t?/41<<omet? 2.81194092(38)"10-15 m 0.13
electron Compton veJengtb ;I;"= "/mec = r,a-I 3.861 593 23(35)"10-1.3 m 0.089

Bohr raWlIS (m,,<>de1u = 00) Iloo = 41<<o,,2/met?=
r,,,-2 0.529177 249(24»(10-10 m 0.045

velength of 1 eV /e particle he/e 1.239842 44(31»(10-6 m 0.30

Ryd~ energy heR,., =
mee{ 12(41((0)2,,2 = mee'-,,2/2 13.605 698 1(~) ev! . 0.30

Thomson cross &ection
"T = 8n-;/3 0.665246 16(18)ban> 0.27

Bohr m&pIeton
I'B = ."/2m,

5.188 362 63(52)x10-11 M.V
1'""1

0.089

nuclear map>eton
I'H = e"/2rr?

3.15245166(28)"10-14 M.V T-I 0.089

electron cyclotron !req.ffield
""cydl B = e/me 1.158 819 62(53)" lOll rad I-I

1'""1
0.30

proton cyclotron !req./field JcydlB = e/mp 9.518 830 9(29)(107 rad 0-11'""1 0.30

gravitalional constant GN 6.6Tl 59(85),,10-11 m3kg-l .-2 128

= 6.70111(86)"10-39 he (GeV/e'-)-2 128
.tandard grav. acceL, sea level g 9.806 65 m .-2 (exact)

Avor,adro number N", 6.022 136 1(36»(1023 mol-I 0.59

Boltrnu.nn constant k 1.380 658(12)"10-23 J K-IS 8.5

= 8.611385(13),,10-5.V K-IS 8.4

Wien displacement law constant b = AmaxT 2.897 156(24»( 10-3 m KS 8.4

molar volume, ideal".. at STP N",k(213.15 K)/(l atmoophere)

.

22.414 10(19»(10-3 m3 mol-IS 8.4
Stefan-Bolt%nw1n constant" = ,,2J:{/60h3CJ 5.67051(19»(10-1 W m-2 K-'S 34

Fermi coupling CO!]$tant GFI(hc)3 1.166 37(2)(10-~ Gey-2 11

wuk mixin" anr,le 0ln29w 0.2259:1:0.0046

W'" boson m mw 80.6:1:0.4 GeY/e'-
zoO boson mMS mz 91.161:1:0.031 GeV It?






















































