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Statistical Mechanics
(do 2 out of 3 problems)

Please do EACH problem you attémpt on a SEPARATE paper.
Put your name on each paper.

Put your name, section name and problem # on each sheet you turn in.
Do only two problems. Do not do all three problems.



Qualifying Exam Copy Disclaimer:

Solutions are submitted at an early stage in the Written
Qualifying Exam preparation process. No effort is made to
update solutions. Some questions may have been changed
since the solution was written. Solutions may contain errors,
inaccuracies and/or omissions. Use them cautiously.

If similar or related questions appear on any exam, errors,
inaccuracies and/or omissions in these materials will not be
cause for any change in score or outcome.



STATISTICAL MECHANICS - 1

1. Consider an intrinsic semiconductor with a filled valence band and an empty conduc-
tion band at 7' = 0. As T increases, some of the electrons will be thermally excited across
the gap, Eg = €. — €, where ¢, is the bottom of the conduction band and ¢, is the top of
the valence band. Treat the valence band as a hole-band. Assume parabolic energy bands
such that the density of states for electrons is

1 .2m
ge(€) = Ce(e — eﬂ)lﬂ Ce = ﬁ(ﬁ_;)gﬂ

1 th :
9h(6) = Cnlew—OY* G = 5 (S5

where m,. and my are the electron and hole effective masses.

a. Using Fermi-Dirac statistics, give equations for the number of electrons in the conduc-
tion band, n,, and the number of holes, p,, in the valence band. Leave as integrals,
but write the integrals in terms of a dimensionless variable (Hint: remove the T-
dependence).

b. Set n, = p, to determine an equation for the chemical potential (Fermi energy €;) as
a function of 7.

c. In the non-degenerate case (e; is in the gap between bands),
fle) ~ o< /KT g—€/KT
Using this expression, show
N & Ncefi’;;‘c;po = Nue“z’:?i,

where

(Note f;° y'/2evdy = %)

d. Use equations in part (¢) above to show

1 3
Ep = ﬁ(ev +€c) + EkTEn(mh/me).
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STATISTICAL MECHANICS - 2

2. Two particles slide on a ring of radius R. The potential energy between them is

U = Uylog(9)

where Uy is a constant and 6 is the angle subtended by the first particle, the center
of the ring and the second particle. The masses of the two particles are m; and my
respectively. Treat this system classically. The system is in contact with a heat bath of
temperature 7'.

a. Write down the partition function for the system.

b. Calculate the free energy, F, as a function of temperature.
c. Calculate the energy, as a function of temperature.

d. At what temperature is there a singularity in F'7
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STATISTICAL MECHANICS - 2

2. 4 Two particles slide on a ring of radius R. The potential energy between them is

U = Uplog(9)

where Uy is a constant and @ is the angle subtended by the first particle, the center
of the ring and the second particle. The masses of the two particles are m; and msy

respectively.
Treat this system classically. The system is in contact with a heat bath of temperature

747
description
[ (a)] Write down the partition function for the system.
Angular momentum L, and € are canonically conjugate.

o0 [s =] g m
Z:/ dLlf dLZ/ dalf dfye—H2/ksT

L Al il
g 2 m1R2 m2R2

where

) + Uy IOg( m?}n(|27r - It?l = 92”, |l91 = 92')

[ (b)] Calculate the free energy, F, as a function of temperature.
Separate the kinetic and potential terms Z = Zx Zy, we have

Zr = \/20Tmi R2v/2rTmaR2 = 2T R\ /mims

Since the system has rotational invariance, we can fix particle 1 to #; = 0 and let 65
range from —m to w. Then the integration over 61 gives just a factor of 2.

Zy = 2m /bﬂ- e~ Uolog(|0)/ksT _ gr fﬂ g~ Uo/ksT gg
: 0

==

integration is only defined for Uy/kpT < 1

o dB L e R
1— Up/kaT

The free energy F' = —kpTlog Z
[ (c)] Calculate the energy, as a function of temperature.
The energy E is related to the partition function through

_OlogZ

£ = a9




G

with 8 = 1/kgT.

From above, the energy is the sum of a kinetic and a potential part. The kinetic part
by the equipartition theorem gives a contribution to the energy of Ex = 2kpT/2 = kpT.
The potential part is

g (—log(l — UpB)(1 — Upf)logm = Upy(

By = ~g5

+ logm
Uof — 1 g™)

[ (d)] At what temperature is there a singularity in F'?
From (c) this happens when Uy /kpT = 1 or

T = Uy/kp.



STATISTICAL MECHANICS - 3

3. Consider the following Landau expansion for the free energy of a material undergoing
a phase transition with order parameter m:

: A
F(m) = a(T) + b—(j—)mz -+ £m4 -+ -E—im(’ + ...,

where ¢ and d are assumed independent of the temperature, ¢ < 0, d > 0, and

B(T) = o(T — T*).

a. Explan why the transition is first order (i.e. m vanishes discontinuously). Also ex-
plain why the transition is not at T*. Sketch the free energy versus m for different
temperatures, one of which (clearly marked) should be at the transition temperature
T, and another should be at T™.

b. Determine the value of m as T approaches T, from below.

c. Determine the latent heat of transition. Note: You are given that the energy U is
related to the free energy by U = §(8F)/93, where § =1/(ksT).
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Legendre Polynomials
1. Generating function:
glt,x) = (1 — 28 +42)"1/2 = LP,,{:C
n=>{

(2n + 1)z Py(z) = (n+ 1) Pag1 () + nPy_1(x)

2, Recursion relations
(1—x)2P(z) — 22P.(z) + n(n+ 1) Pu(z) =0

3. Normalization
/ dal Fu(@)]* 2n+1

Spherical Harmonics

L 8=4
Dibi=r]
3 . : 3
Y141 = F4f B—wsm(ﬂ)ei‘d‘ Yio = 4f H;cos(ﬂ)
2. Green's function:
oa m={
=Y Y oy mm(e’ ¢)¥im(6,4)
{=0 m=-1
Bessel's Equation:
d’R 1dR v?
sl g —— )R =0
2 -+ R +(1 J:E)R
Spherical Bessel Functions
: sin(kr — £ /2)
elkr) — _(_TJ‘!_
cos(kr — én /2
ne(kr) — _%l
sin cos(p)
o) =2 () = -0
P
s _sinp  cos(p)
Jile 7
Gamma Function
1. Integral Representation:
00
I'(z) = / dte~'*!
0

2. Punctional relation:
T(z+1) = zI'(z)

3. Special values:
r)=1 T(1/2) =7
Zeta Function
1. Integral representations:
oo :U"'_]
f =TT In)n) n>1
0
o0 2:ﬂ—l
/ 2 = (=T n> 1
0
2
m
@)=+

2. Special values:
¢(0) = —% ¢(3/2) = 2.612
4

C(5/2) =1.341  ¢(4) =



Classical Mechanics

1. Euler-Lagrange equations:
d 8L oL

dt 8 Og;

2, Force in a rotating frame: = . X
Fopp=F—may —mw x 7 —md x (& x F) — 2md x 7,

where v, is the velocity with respect to the rotating axes, ay is the acceleration of the moving frame with respect to the fixed axes.
Quantum Mechanics
1. Harmonic Oscillator:

H= Hw(% +d'a)
allpy =vn+1lln+1)  ap)=vnn-1)

2. Angular momentum:
Je=JdxiJs  Jelim)=+ji+1) —m{mE1)|jm-1)

3. Spherically symmetric potentials: )
m(r
Uiin(r,0,9) = Rt(r) Vi (6,8) = 2252V,

2  2m I+ 1)K
RO [ 004 =2 _F =
Faet Vs BElpm(r)
3. Partial Wave Expansion:
oo
£8) = = 3 (20 + 1)e sin(8) Pe(cos(0))
ki
4m = o in? §,
ag= = (2€ + 1) sin” &

=0
For resonance,
cot{é,) = —(E — E;)

| b2

4. Born Approximation

5@ =g [ @7 V()

T eanh?

Useful Integrals
1.

2 b?
f& =;E\/z2+b2—-2-ln(m+v.7:7+b2)

(2 + b2)1/2

Electromagnetism
1. Energy density: ;
s E‘s + B2
u=—( )
2. Poynting vector .

5_ 38
5 4ﬁ(Ex )

3. Maxwell stress tensor: 1 1
Ty = - (BB + BiB; — i(Ez + B%)8;5)
4. Dipole moment
7= [ dazo@
5. Quadrupole moment:

Q= [ #a(saiss - 5)0(@

Vector Analysis
1. Cross product < .
(A x B)i = €ijudj By

2. € tensor:
€123 = 1,€213 = —1, €112 = 0, efc.

€ijk€ilm = 63'!6km r 6jvn5ki
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Statistical Mechanics
(Turn in 2 out of 3 problems.)

Do each problem on SEPARATE paper.
Write your NAME, SECTION, PROBLEM # on each sheet you turn in.
Turn in ONLY two problems. Do not turn in all three problems.



Qualifying Exam Copy Disclaimer:

Solutions are submitted at an early stage in the Written
Qualifying Exam preparation process. No effort is made to
update solutions. Some questions may have been changed
since the solution was written. Solutions may contain errors,
inaccuracies and/or omissions. Use them cautiously.

If similar or related questions appear on any exam, errors,
inaccuracies and/or omissions in these materials will not be

cause for any change in score or outcome.



STATISTICAL MECHANICS - 1

1. A gas of molecules at temperature T has a density of m molecules per unit volume,
which is low enough to treat the molecules as almost non-interacting. Each molecule has
a dipole moment of magnitude p that can point in any direction. Calculate the dipole
moment per unit volume as a function of p, the electric field B, and T'. Treat the system
classically.

Hint: The energy of a dipole in a field is U = —p" E.



SM1 1)

Problems
1. A gas of molecules at temperature T has a density of n molecules per unit volume, which is low enough
to treat the molecules as almost non-interacting. Each molecule has a dipole moment of magnitude p that
can point in any direction. Calculate the dipole moment per unit volume as a function of p, E, and T.
Treat the system classically
Hint: The energy of a dipole in a field is U = ﬁ —-p-E

Solution
p aligns with the field in the direction of the field. It’s magnitude is < U > /F. Take E in the z direction.

[ d¢ [dcos(0)exp(—BEpcos(8))Ep cos(f)
[ d¢ [ dcos(0)exp(—BEpcos(0))

<U>=

Where U = Epcos()
So we calculate

pE
Z = /dcos(ﬂ)exp(—ﬁEpcos(ﬂ}) X f dU exp(—pU)
—pE

and note that .
TS oz
=25

Integrating we obtain
Z= 7 sinh(SpFE)

Therefore h(BpE) 1 {
cosh(BpE

<U>rp=pEF———F~—F—= = pF coth E)— =

smh(fpE) B (BeE) ~ g

So that the dipole moment per unit volume is n < U > /E > which is

N(peoth(fpE) ~ =)



STATISTICAL MECHANICS - 2

2. Consider a ferromagnet, which for long wavelengths has a continuous dispersion
e(k) = ak?, where k is the reciprocal wave vector for magnons.

a. Calculate the specific heat for a three dimensional (d = 3) system valid at low tem-
peratures where the dispersion relation above holds.
b. Do the same for d = 2.

c. Show that for the same number of spins, the d = 2 system will have a larger specific
heat than the d = 3 system as T — 0, according to the answers obtained in parts a

and b above.
d. Very briefly explain why does this not make sense and what is wrong with our as-
sumptions that produce this result.
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STATISTICAL MECHANICS - 3

3. Consider two spin-1 objects, ?1 and ?2, with Hamiltonian
H - J?] ! _5?2,

where J > 0. Use i = 1.

. ; — 8 — — . — .
a. Find the energy levels. Hint: Use { St | = Si+ So) ,where S is the total

spin, and note that the vector rule for the addition of angular momenta states that
the allowed values of the total spin quantum number Sy, are 0, 1, and 2 (each value
once).

b. Find the free energy, entropy and average energy as a function of temperature, T

. What are the limits of the entropy as (i) T — 0 and (ii) " — o0? Explain how
you could have obtained these values from elementary considerations without first
determining the free energy.
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Legendre Polynomials

1. Generating function:

g(t,z) = (1 -2zt +2)~1/% = ZP

n=0

2. Recursion relations
(21 + 1)xPp(z) = (n+ 1) Py (z) + nPui(x)

(1 —z)?P!(z) — 2aP.(z) + n{n+ 1)Py(z) =0

3. Normalization

2 _
/dI[P"‘(‘"")] o+l
Spherical Harmonics
1.:0=0
e o L
0 = =
2. £=1
Vi = —1/ 2 (0)e Yo = ﬁ/-B—mq(e)
11 =~/ gy Sin e 10 = 4/ g cos
3. Green’s function:
oo m=l
= -YE (0, 6 ) Yim (6
[ 4""—[2’“2“: 2":_!_1 ;_;,_1 fm.( Qf’) ! ( ¢)
Bessel’s Equation:
d2R 1 dR
1-—)R=0
039:z +( )
Spherical Bessel Functions
. sin(kr — ¢m/2)
Je(kr) = — T
kr — fw /2
siar) =5 _@%_f/_)
) __sin(p) _cos(p)
Jo(p) - p D( ) p
: sinp  cos(p)
j1(p) = 5~ =

P P

Gamma Function

1. Integral Representation:

I(2) = / dte~'t*"*
1]

2. Functional relation:
I'(z+1) = 2I'(2)

3. Special values: -
r=1 TI@1/2)= L



Fourier Transform

1. Discrete Fourier transform:

oo

2rimz L St
flz)= Z Cm€ L em = _/ di Flz)e e

M=—00

2. Continuous Fourier Transform:

1@ =5 [ dsme = [ @ e

Zeta Function

1. Integral representations:

/Om B el e

es—1

/ T (=2 Tm)m) 1> 1
0

e*+1

2. Special values:
2

¢(0) = —% ((3/2)=2612 ((2)= %

((5/2) =1.341 ((4) 90

Classical Mechanics

1. Euler-Lagrange equations:
ddL 0L

dt 8¢ Ogi
2. Force in a rotating frame;

—

Fejr=F —mdy —mw x F—md x (& X ) — 2md x ¥,

where v, is the velocity with respect to the rotating axes, ay is the acceleration of the moving frame
with respect to the fixed axes.

Quantum Mechanics
1. Harmonic Oscillator: i
H= M(E +ata)
alf) = VAT In+1)  aln) = Vi - 1)

2. Angular momentum:

Jr=J kil  Jilim)=+jiG+1) -mlmx1)|j m+1)

3. Spherically symmetric potentials:

Yain(r,0,8) = R (r)Yim 0, 9) = 220y,

@ 2m (1 +1)K?

o2+ ?(V(T) + — E)lpei(r) =0

2mr?



4. Partial Wave Expansion:

el

f(e) = i(%’ + 1)e® sin(8¢) Py (cos(8))
=0

o= 303 (2 + 1) sin b

k)!
=0

For resonance, )
cot(dp) = —(E — Er)f

5. Born Approximation

m —
) =— Eie CT V("
1) e2mh? / ! )

Useful Integrals

1.
2?dx x b?
ey T et S o B2
/(m—a x? + b 2IH(I+ $+b)
2.
0 s
/ P 2(:1:) i
b &
Electromagnetism

1. Energy density: .
u=—(E®+ B?)
8

2. Poynting vector

3. Maxwell stress tensor:

1. . :
Tij = (EﬁEj + BiBj — -2'(E2 + 32)6«; }

1
4
4. Dipole moment

7= [ daip(@)
5. Quadrupole moment:

Qi; = /d%(Smixj —728;5)p()

Vector Analysis

1. Cross product PP
(A A B)@ = ﬁgjkAjBk

2. ¢ tensor:
€123 = 1,€013 = —1, €112 = 0, ete.
€ijk€itm = 0510km — OjmOkt
Complex Analysis
1. Principal Part or Principal Value, an example:

1 1 1 1
_( o

T—T, 2MET—T,—1€ T—Toti€

PP

Equivalently, one can do integrals over a small circle in the complex plane about z,, weighted with ﬁ;



uncertainties in parts per mi

PHYSICAL CONSTANTS

Revised 1989 by B.N. Taylor. Based mainly on the “1986 Adjustment of the Fundamental Physical Constants” by E.R- Cohen and B.N. Taylor,
Rev. Mod. Phys. 59, 1121 (1987). The figures in parentheses after the values give the 1-standard-deviation uncertainties in the last digits; the

llion (ppm) are given in the last column. The uncertainties of the values from a least-squares adjustment are in

general correlated, and the laws of error propagation must be used in calculating additional quantities; the full variance matrix is given in the
cited paper. The set of constants resulting from the 1986 adjustment has been recommended for international use by CODATA (Committee on
Data for Science and Technology), and is the mast up-to-date, generally accepted set available.

Quantity Symbol, equation Value Uncert. {ppm)
speed of light c 299 792 458 m 5~ (exact)”
Planck constant h 6.626 075 5{40)x10~3 J s 0.60
Planck constant, reduced K=hlex 1.054 572 66(63)x10~* J 5 0.60

= 6.582 122 0(20)x10~ 2 MeV 5 0.30
electron charge magnitude ¢ 1.602 177 33(49)x10~3% C = 4.803 206 8(15)x 1072 esu  0.30, 0.03
conversion constant he 197.327 053(59) MeV fm 0.30
conversion constant (he)? 0.389 379 66(23) GeV? mbarn 0.59
electron mass me 0.510 999 06(15) MeV/c? = 9.100 389 T(54)x10~3 kg 0.30, 0.59
proton mass my, 938.272 31{28) MeV/® = 1.672 623 1{10)x10™ %" kg 0.30, 0.59
= 1.007 276 47T0(12) u = 1836.152 701(37) m, 0.012, 0.020
deuteron mass my 1875.613 39(57) MeV/& 0.30
unified atomic mass unit (u) (mbss C'2 atom)/12 = (1 g)/Na 931.494 32(28) MeV/c® = 1.660 540 2(10)x10~ kg 030, 0.59
permittivity of free space @ 8.854 187 817 ... x10"¥ Fm™} fexact)
permeability of free space ™ ] como =1/ 4r % 10~T N A=2 = 12.566 370 614 ... x10~7 N A~? {exact)
fine structure constant a = /4xeghe 1/137.035 989 5(61)! 0.045
classical electron radius re = €3 faxegmec? 2.817 940 92(38)x 10" m 0.13
electron Compton wavelength % = Afmec =rea™} 3.861 593 23(35)x10~ B m 0.089
Bohr radius (mpciens = 00) Gen = 4xegh? fmee? = roa~? 0.529 177 249(24) X107 m 0.045
wavelength of 1 eV /c particle  hefe 1.239 842 44(3T)x10°% m 0.30
Rydberg energy heRog = meed [2(dxeg)?A? = mec?a?/2 13.605 698 1(40) eVi . 030
Thomson cross section or = 8xr3/3 0.665 246 16(18) barn 0.27
Bohr magneton pp =ehfm, 5.788 382 63(52)x 10~ 1! MeV T! 0.089
nuclear magneton By = ehf2m, 3,152 451 66(28)x 10~ 14 MeV T-! 0.089
electron cyclotron freq. /field e /B =e/m. 1.758 B19 62(53)x10! rad s~ T~1 0.30
proton cyclotron freq./field Wl B =e/my 9.578 830 9(29)x107 rad s~1 T~1 0.20
gravitational constant G 6.672 59(85)x10~ 1! m? kg~ s~2 128
= 6.707 11(86) %10~ he (GeV/c?)~2 128
standard grav. accel., ses level g 9.806 65 m 3~3 (exact)
Avogadro number Na 6.022 136 7(36)x10% mol~! 0.50
Boltsmann constant k 1.380 658(12)x10~3 J K~1§ 8.5
= 8,617 385(73)x10~5 eV K~15 B.4
Wien displacement law constant b = AmaxT | 2.897 756(24)x10™3 m K! B4
molar volume, ideal gas at STP N4 k(273.15 K)/(1 atmosphere) 22.414 10(19)x10™3 m® mol~1% 8.4
Stefan-Boltzmann constant o = x4 60R3 3 5.670 51{19)x10~* W m~2 K43 M
Fermi coupling constant Gr/ihe)® 1.166 37(2)x10~% Gev-? 17
weak mixing angle sin? By 0.225940.0046
W boson mass mw 80.6£0.4 GeV/SA
Z% boson mass mz 91.161£0.031 GeV/J




2002

STATISTICAL MECHANICS
(Do only 2 out of 3 problems)

Please do EACH problem you attempt on a SEPARATE paper.
Put your name on each paper.



STATISTICAL MECHANICS - 1

1. Consider a large system of N non-interacting particles in a magnetic
field B , each fixed in position and carrying a magnetic moment f that can
point either in the same direction as B or in the opposite direction.

a. Find the entropy for the system in terms of the number, n, of spins
pointing against the field.

b. Find the maximum of the entropy in terms of n.

c. Find the conditions under which the temperature of the system is negative.
d. How can the system be prepared such that it has a negative temperature?
e. If the system has a negative temperature and is put into contact with a
system with a positive temperature, which way will heat flow?



STATISTICAL MECHANICS - 2

2. Consider a classical double pendulum in the absence of gravity as shown
below.

It consists of two rigid rods tethered at point A, with all joints freely hinged.
The system is in contact with a heat bath at temperature 7. The masses of
the two rods and their moments of inertia are the same. The masses of the
two black spheres are the same. For simplicity, consider the problem in two
dimensions.

a. Calculate the probability distribution for the end to end vector between
the point A and the end sphere.

b. Calculate the energy as a function of temperature.



STATISTICAL MECHANICS - 3

3. N Ising spins S; = +1, where ¢ = 1,2,3,...N are all connected to a
central spin sg, but not each other, through a ferromagnetic coupling J as
shown below.

They are all in a uniform magnetic field. The Hamiltonian for the system is

N N

H == _JZSOSi - hZS;

i=0 i=0

a. Calculate the partition function for arbitrary N.
b. For very large N, calculate < S; > as a function of £ and h.
c. In the large N limit, state if there is a discontinuity in < S; > as a
function of h and for what temperature(s) it appears. Calculate the size of
the discontinuity.
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Statistical Mechanics

1. Specific heat due to interaction with the walls.
The partition function for a classical system of particles is given by

1 N
7 = syramg | 1 (@ pd'n) exp (=315.71/ko1)
=1

where H[p, 7] is the Hamiltonian, which depends on the coordinates {7;} and momenta {p;}
of the IV particles.

(a) A classical non-interacting gas is repelled by the walls of its container. The force can be
represented by a step in the potential energy which is W a short distance £ from the wall
and zero further away.

Find an expression for the additional energy produced by this effect in terms of kg, T, W, ¢, N,
the volume of the gas V, and the wall area A.

(b) Assuming that V > Af, show that the corresponding extra specific heat, AC, tends to
zero when kgT is very large or very small compared with W, but that

LA
AC ~ Nkp>

when kgT is of order W.
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2. Elasticity due to entropy
Consider a simple model of a polymer constrained to lie in one-dimension. The polymer
consists of V segments (N > 1), of unit length, which can either point to the right or to the
left along a line.

(a) Calculate the free energy, F, of the system at a temperature T' as a function of the end
to end distance, z. ,
Note: There is no energy in this problem, only entropy, so you need to think about the
number of configurations with a given value of z.

(b) Show that
F(z) = F(0) + %Ka?
(i.e. one has Hooke’s law: Force = —Kz) as long as z is small compared with the fully
stretched length of the polymer.
(c) Show that the elastic constant, K, is proportional to temperature.
Note: This is believed to be the why rubber, which consists of cross-linked polymers, has an

elastic constant which increases with T', whereas most substances get softer as they heat up
so their elastic constant decreases.
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STATISTICAL MECHANICS - 1

2.  Consider a long linear chain of N Ising spins, where the spin value is
S; = £1 and the interaction between spins is —J, where J > 0.

I S O . O O I
vy vy boyoy |
1 2 4 5

0 3

1) Write the Hamiltonian for this system.

2) Write the partition function for this system.

3) Rewrite the partition function for this system having summed over the
odd numbered spins.

4) Rewrite the partition function again, but in the same form as the original
Hamiltonian, but with the sum over the even spins only, multiplied by a
function only of the temperature, and at different effective temperature, 7".
This could be written in the form

Z(N,T)= f(T)"*Z(N/2,T) (1)

Show the equation for 7" in terms of 7" and the equation for f(T'). Is the
new temperature higher or lower than the original one?

5) Explain why this exercise demonstrates that the system never has a phase
transition or long-range order.
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% @ Cigar shaped molecules are arranged on a square lattice, as Nlustrated in the sketch
below: :

0 0=0=
Ooooo

Each molecule may be oriented only along the x or y axes. The molecules interact only
if they are nearest neighbors, and the energy of this interaction may be 0, -V or -2V (V
> 0) depending on the relative orientation of the molecules.

<<

L— 0 S O
(] -
e=-V

This system will undergo a phase transition to an ordered stale al low temperature,
Within a mean field approximation use the effeclive ficld on each molecule to calculate,
self consistently,Lthe transition temperature, Then determine (again in mean field) either

“the value (if conlinuous) or the discontinuity (if discontinuous) of the system at the
Lransition temperature. for:

(a) the energy
(b} the entropy

P

b )
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I
There 1s o chain consisting of m>>1 links at temperatwre T,

between two walls: '

-t ]

« X >/

SN NN

Let the length of each 1ink be L and let the distance between the
eﬂdpolnt; be x. The joints between the links are frictionless

and turn freely. No external forces, other than the connections to
the walls ot the two endpoints, act on the chafn. Consider this es
8 one-dimensional problem, 1.e., each Tink can assume only one of

the bwo orfentstions: ep—e 0Q +—g—

a) Find the entropy of this chain as & function of x.

b) Deterwmine the relation between the temperature of the chain and the

force (tensfon) which is neéesnry to maintsin the distence x.



O Y ,
v ) D) J— [ene V4 N bira ks P\n V\L\'/\—’S %?ﬁ L
i v oo Aol
tmm  N-. panhng  backivanls
Ny - No = X/

Ny + N

1l

n

iy

5@ Hh o
Ny = 1'2 (ﬂi’ X/L7)
neo= 5 (n- X/0)

e N AN Sty (}, (A;V\,,"\ 6'\/\/\0/\11«' v e o s I ek s
Chn N e hac e embho vy n

S ke O = k.
® i

i“%% - =My bang + Ny
“7\_2/\4'7’\_'\*"‘\- %

éx}o@vv\d/;wﬁ fhns  €x prvession A F—m\n:fvs &} o,

S & / N A - i n x|
L””’iq S PR *ér_'m]”‘}
= kg (%L N 2 - x'z”/,/an + 0 (%)
[‘)) AF = - S AT 4 {_ A , iz = U - T - _T-S
T 2 kT |
—r [ax S = ko T /r\L2

Brovarns | St we W oerd a rnbbevkbosad  HU - BB A Q-+ Pdx = C
e  see  thab  The  eneng >/ ng,vd' N SHCV(/L\A\/% e b anad
ows  owr & Hu  ervvnoromamn et as heodk . (0 9N vead
rbhov, althengih U £ 0, TS  deoninalss the  hee ewengy,
S0 astumaany U F 0 v ner o oo A o ey G )
( Owne RN oS0 denAve, }vmv\ thon  ex wass\‘c‘n )
Hiot- 1) shieleded nabbor left s el o U Spontanesine 1\1
CorIW Aach v @an  Lvveviss ble  pecess ) whaan nee hzok

T™hbov it Nl Leydne enek )



Statisllcalf[)-ﬁt

2004
STATISTICAL MECHANICS
(Turn in 2 Out of 3 Problems)

INSTRUCTIONS:
DO EACH PROBLEM ON SEPARATE PAPER.

WRITE YOUR NAME, SECTION, PROBLEM# ON EACH SHEET YOU TURN
IN.

TURN IN ONLY TWO PROBLEMS. A THIRD PROBLEM WILL NOT BE
GRADED,



Anp
"

Statistical Mechanics #1

1. Consider a one-dimensional Ising model with ferromagnetic coupling J > 0 on a chain
with NV sites, with randomly placed impurity atoms. The impurity atoms are located
between lattice sites, and destroy the ferromagnetic coupling. Thus the energy of a
spin configuration is given by

N-1

E — —J Z 'T?,,,-_SgSi_l_l

i1

where 5; = &1 is the Ising spin on the 7'th site, and n; = 0 if there is an impurity
atom on the i’th bond while n; = 1 otherwise, Assume that /V is extremely large. You
should take free boundary conditions rather than periodic boundary conditions.

(a) For the pure system, i.e. all the n’s are equal to 1, calculate the free energy and
energy per site.

(b) Calculate the free energy per site if the impurity atoms are free to drift in and
out of the chain, i.e. the impurity variables {n;} are in equilibrium with the spin
variables.

(c) In part b, what is 1 — (n;), the average density of impurity atoms?



Statistical Mechanics #2

2. Counsider non interacting fermions with spin 1/2 at finite temperature. The specific
heat at finite temperafure, as measured in the lab, is given by

ol oUu
o= (5), = (3),

where U is the internal energy and § = 1/(kgT).

(a) Write down expressions for the energy and mean number of particles N in the
grand canomnical ensemble in terms of the Fermi function

1
exp(f(e — u) + 1

fle) =

(where 1 is the chemical potential), and the density of states g(e).

(b) In order to keep the number of particles constant show that g must vary with 3

(3;;) B (SN) / (&N)

58), ~ \v5), @),

(c) Hence find an expression for the specific heat involving partial derivatives of U
and N, assumed to be functions of u and 3.

(d) Write the partial derivatives in part 2¢ in terms of integrals over f'(e).

(e) By using the Sommerfield expansion

[ A (@ de=— | Au) + TRETA () + - ] ,

(which you are not required to prove), valid at low-T, where A(e) is an arbitrary
function, evaluate each of the partial derivatives in part 2e to lowest order in 7',
and hence determine the specific heat at low temperature to leading order.
Note: You should find the specific heat to be linear in T



Statistical Mechanics #3

3. Consider electromagnetic radiation inside a cubic box of volume V' at temperature 7.

(a) Calculate the allowed wave-vectors for the photons. To make this simpler, you
can consider periodic boundary conditions for an L x L x L box.

(b) Calculate the density of states of the photons, that is, the number of states in
frequency range w to w + dw.

(c) State what is the average number of photons that occupy a single state at fre-
quency w if the temperature is T'7

(d) Calculate the energy density per unit frequency range inside the box.

(e) Show that the answer to part d has a maximum at w = w, where
hw. = C kgT

where (' is a numerical constant. You should explain how C is obtained but you
do not need to determine its numerical value.
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Qualifying Examination, 2004
Statistical Mechanics

Solutions

If all the n; are equal to 1 we just have the regular one-dimensional Ising model with energy
N-1
E=-J)Y SiSin.
i=1

With free boundary conditions, the simplest way to determine the partition function is to trace
out an end spin, i = N say, since this is independent of spin Sy_1. The sum gives

Z ePISN-1SN . BT} 0BT = 9 cosh B .
Sny==%1

The process can be repeated for spins N —1, N —2,---,3,2. This just leaves spin S; which then
has no coupling and summing over it gives a factor of 2. Hence the partition function is given by

Z = 2(2cosh BJ)N"1.

The free energy per site is given by f = ~-N"1kgTInZ, i.e.

lf = —kpTIn(2cosh 8.J), |

in which the difference between N — 1 and N has been neglected (valid for large N).
The energy per site, u, is given by

w= 2o =[Taha7

Note: These results can also be obtained by transfer matrices.

We now repeat the procedure in the first part but including the n;. We start by tracing out the
end spin Sy and the end bond ny_1:

Z Z ePInn—1Sw—1Sn — 9 4 BT 4 =B = 9(1 4 cosh BJ) . (1)

ny-1=0,18y=41
Repeating for spins N —1,N —2,.--,3,2 we get
Z =21+ coshgJ)yN 1.

The free energy per site is therefore

[f = —kpTIn(2 + 2cosh BJ) |

Note: Again, these results can also be obtained by transfer matrices.

Now 1 — (n;) is the ratio of the statistical sum with n; fixed to be zero divided by the total
statistical sum. This is given by the ratio of the terms in Eq. (1) with n; = 0 to the total in
Eq. (1), ie.

1= (n) 2 1
— Ny} = = .
2(1 + cosh B8.J) 1+ cosh8J




(a) The expressions for the energy, U, and mean number of particles, NV, are

v=2 [ estolo e,

0
N=2 | F(e)g(e) de,

(the factor of 2 comes from the spin degeneracy).
(b) We need dN =0, ie.

ON ON
0=dN={|—1) d — 1) d
(5),+ (%),
and so
(5), =~ (), (%)
as N[ og u op ﬁ'

{c) The specific heat is given by
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(d) The partial derivatives in the last section can easily be obtained from the results in part. 2a:

(%%) = |2 [ demmrate) e
(%g)ﬁ |2 [ er@ae,
(%%) = |2 [T mr@sa,
(%%V)ﬁ i /Ooof’(e)g(f)df,

(e) Using the Sommerfield expansion, the expressions in the last part can be written, to leading order
inT,

4 2
4

3% BT (g (1) + 9(w))

oU
Z) = 9
(8;1)[3 1g (),
ON B 4 72 9 e
(-573)# = -EngTg(u),
ON
(——) = 2g(p)
“/p

2



Combining we get

which is linear in 7.

4
C= ksﬁzﬁg(u)

2
™
?k%Tz =

2
§7T2k123Tg(u) ,




3.

(a)

(d}

(e)

Calculate the allowed wave-vectors for the photons. To make this simpler, you can consider
periodic boundary conditions for an L x L x L box.
With plane waves, continuity implies

k= (27r/L)(nz'A£ + nyj' + nzlzt) ,

where the n's take on all integral values. There are 2 distinct polarization states at every allowed
value of k.

Calculate the density of states of the photons, that is, the number of states in frequency range w
to w+ dw.

The number of k-values per unit volume of k-space is (L/27)* and so

L 3
- — et 2d
G(k)dk 2(%) ark?dk,

where §(k)dk is the number of states for which |k| lies between & and k + dk. Now w = ¢k, and
s0, in terms of w rather than k, we have

3 3 2
g(w)dw = G(k)dk = 2 DN peerar -2 (L) an (f) Lo
2 2m c/ ¢

K

Equating the first and last expressions in the previous equation gives

3

At a temperature T, what is the average number of photons that occupy a single state at frequency
w?

Photons are bosons, and have no constraint on total number. Hence they obey the Planck
distribution. Since the energy of a photon is £ = fuw we have

1
(Tl) = CBhw _1 :

Calculate the energy density per unit frequency range inside the box.

The energy in the frequency range w to w +w is (n)Awg(w)dw. Dividing by L? to get the energy
per unit volume, and denoting the result by e(w)dw we have

hw? 1
efw) = Sn2ebfho 17

Show that the answer to part 3d has a maximum when Aw = C kgT'.

We need to find the maximum of

1
ws———_
efhv _ 1

with respect to w. This is at w = w, where

9 1 gPhwe

. 3
S wCﬁh(eﬂhwc ~q)2



or

BkBT = hu)c-l——:-—e—:m.

Letting | hw. = CkgT' | we have

C=31-e°).

(You are not required to determine the value of C. The actual value is about 2.82.)



