The following problems
from the 1995, 1996 and 1997
Written Ph.D. Qualifying Exams
are provided without solutions.

They can be used
as a study aid
to create practice exams, etc.
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STATISTICAL MECHANICS

1. A toy model for DNA consists of a zipper-like structure with N pairs of ‘teeth’ (each
pair of teeth corresponding to a base-pair). The bond between the partners in each base-
pair can either be closed or open. If a bond is open, the energy associated with it is e,
while if a bond is closed the energy associated with it is zero. The zipper can be opened
from both ends simultaneously, but it cannot be opened from the center. Thus if the bond
i is broken, either all the bonds 1...7 — 1 or all the bonds ¢+ 1... N (or both) must be
open. The system is in equilibrium at temperature T. Calculate the Helmholtz free energy
and the expectation value for the number of open bonds for Ne >> kpT.
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STATISTICAL MECHANICS

2. Consider the spin-1/2 Ising model in a transverse field, whose Hamiltonian is given

by

H=-Y Jjofo;—hY of,

(i,5) £

where the ¢¢ are Pauli spin matrices, and h is the transverse field. Assume that the
interactions, J;; act between nearest neighbors and are of strength J. Let the number
of nearest neighbors of a given site be z. For sufficiently high temperature or transverse
field the system will be in a paramagnetic state and otherwise it will be in a ferromagnetic
state.
a.) Find a self-consistent expression for the magnetization m = (¢7) in the ferromagnetic
region, in the mean field approximation. Note: The mean field is a vector.

b.) Find an implicit expression for the critical line separating the paramagnetic and
ferromagnetic phases. (Assume that the transition is continuous so this is the line where
m — 0). What is the value of the critical temperature when h =0, (i.e. the regular Ising
model), and what is the critical value of h at T' = 07

c.) Give arough sketch of the phase diagram, the h—T plane, showing the paramagnetic
region, where m = 0, and the ferromagnetic region, where m # 0.

d.) Show that (¢7) is independent of T below T, within this approximation.
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STATISTICAL MECHANICS

3. A classical gas of N particles is in thermal equilibrium at temperature 7. The particles
interact with each other via a potential U(r). Each particle has a mass m.

(a) What is the probability distribution for the x component of the velocity of a
particle, P(vz)?

(b) At any given time, one particle has the largest value of |vz|. Call this value
Vs, maz. Write down the expression for the probability distribution of vz mas. Your answer
can involve integrals.

(c) In the limit of very large N, calculate the average value of vz maz, to leading order
in log N.



1996

STATISTICAL MECHANICS

1. A spin-1ion in a crystal has its energy levels split by its environment such that the
|S. = 0 > state is an energy A below the |S, = £1 > states (see sketch).

3 1>
v 0>

A magnetic field h in the z direction is added which gives a term in the Hamiltonian

—hS;

a) This gives rise to a non-zero expectation value < S; >. Find the susceptibility, x, as
a function of T', where ¥ is defined by

<S;>=hx (h—0)

I suggest you proceed as follows:

i) Show that x = _iz):flhzﬂ where f is the free energy of the ion.
oh
(ii) Calculate the change in the energy of the levels to 2nd order in h.
(iii) Hence, calculate the free energy up to 2nd order in h and so determine x.

b) Show that for kgT > A, X o & (Curie law), and that x — const. as T'— 0.

n.b. The non-zero matrix elements of S, are:

(0S| £ 1) = (£1]5,(0) = %

in units where Planck’s constant, %, is unity.



2.

199
STATISTICAL MECHANICS

One place where it gets very hot is the early universe. Phase transitions probably

occurred at various times. We study one.
a. Write down the free energy for a free, non-relativistic spin one particle (Bose-Einstein

b.

statistics) as an integral over momenta. Don’t evaluate the integral.
Write down the free energy for a free, relativistic spin one particle by making the
replacement

P2

=— — /p? + m?

2m

(use units with ¢ = 1). How does this result compare to that for a free photon gas?
Assuming that T > m, expand the integrand in the expression and write out the
term which is first order in m2. In order to get rid of parts which are independent of
temperature, subtract from the integrand its value at T' = 0, and then do the resulting
integral. 4w

At zero temperature, the ground state energy in the standard model has the form

—am? 4+ bm™.
Add the temperature dependent contribution you found in part d. In the standard
model, the mass is dynamical, which means that it will always sit at the minimum
value of the free energy. Does this system undergo a phase transition? What is the

order?

(Hint:) You need to remember that the free energy for a system of bosons is

F==T3 Wi -]

You will need the integral

e =] :En—l
fo 2 =T()(m) n>1
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STATISTICAL MECHANICS

3. Statistical Mechanics of a Lock. Consider a combination lock with N digits.
Each digit takes on the values 0...9. If the correct combination is found, the lock opens
and the energy is —Ne < 0. Otherwise the energy of the lock is 0. The lock is kept at a
temperature 7T'.

(a) Calculate the partition function Z(T'), and the free energy.

(b) Calculate the energy, entropy and free energy per digit in the limit of large N.
Calculate the specific heat.

(c) The digits are simultaneously flipped randomly with a frequency of w. Estimate
the average time it takes to find the correct combination.



1295
STATISTICAL MECHANICS

1. Consider a (fictional!) one-dimensional non-interacting gas of N particles in a container
of length L with the Hamiltonian

H=Z_6@j)

where the single particle energy e(p) behaves as €(p) =~ p? for small p and €(p) = aln|p| +
vInln|p| for large |p|-

a) Show that the canonical partition function cannot be defined for T' > T, and
find T..

b) How does the mean energy per particle diverge as T — T for (i) v = 0 and (ii)

c) For v = 3a, what happens if u, the energy per particle, is large, and the gas is
isolated from its surroundings?
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STATISTICAL MECHANICS

2. Colloidal spherical particles of radius @ and mass M dispersed in a solvent are seen
to undergo Brownian motion. The cause is a fluctuating force, F(t) that arises from
collisions with the solvent molecules. The solvent has a viscosity 7, and the system is at a
temperature T. The equation of motion of a particle is

d’z

dz
Md—tQ- + ﬁﬂ?}aa = F(t).

The average over time of F(t) is zero, and the force at different times is uncorrelated:
(F(£)F ("))  6(t — t'), where ( ) denote an average over different realizations of F'(t).

a) Show that a measurement of the mean square displacement, (Az?), as a function

of time can be used to determine Boltzmann’s constant kp.

b) The system (the solvent and the colloidal particles) is confined between two
parallel horizontal plates, with vertical coordinates z = L. Due to boundary effects
from the plates, the viscosity i felt by a colloidal particie now depends on its height. If
n(z) = no/(1 — 22/L?), obtain an expression for the mean square horizontal displacement
as a function of time, for long times, assuming a << L. (Do not forget gravity.) Hint:
For long times, the particle distribution in the z direction comes to thermal equilibrium,
calcluate this distribution first. From part (a) we know the diffusion coefficient for the
particle in a particular plane. Put these facts together.
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STATISTICAL MECHANICS

3. Consider an Ising antiferromagnet on a square lattice where S;, S; = +1 and S; and 5;
are the spins on the two sublattices. The exchange interaction is between nearest neighbors

only. A uniform field H is applied along the spin ordering direction of one sublattice.

a) Write the Hamiltonian for this system.

b) Write an approximate Hamiltonian in the mean field approximation, where each

spin sees only the average behavior of its neighbors. Use this approximation for the re-

maining calculations.
c) Calculate < S; >. Your answer may be expressed in terms of <5z
d) Calculate < S; > in a similar way.
e) For H =0, calculate the transition temperature T.

f) Calculate the susceptibility near T..

g) Show that the staggered magnetization M, =< S; > — < S; > goes to zero at
T. to first order in H.

h) For H = 0, show that the staggered magnetism near T. has the behaviour

M, ~ (377=)P, and calculate f.
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Statistical Mechanics
(do 2 out of 3 problems)

Please do EACH problem you attempt on a SEPARATE paper.
Put your name on each paper.



Qualifying Exam Copy Disclaimer:

Solutions are submitted at an early stage in the Written
Qualifying Exam preparation process. No effort is made to
update solutions. Some questions may have been changed
since the solution was written. Solutions may contain errors,
inaccuracies and/or omissions. Use them cautiously.

If similar or related questions appear on any exam, errors,
inaccuracies and/or omissions in these materials will not be
cause for any change in score or outcome.



STATISTICAL MECHANICS

1.  Consider a classical pendulum, weakly coupled to a heat bath, near the surface
of the earth, consisting of a mass m on a massless, rigid rod of length L. The mass
swings freely in one plane with the angle 0 defined as shown in the figure. Although you
should check that the solutions that you obtain for calculations below agree with your
expectations, you must show your calculations for credit.

a. Write an expression for the average height of the mass as a function of the temperature
T. Although your answer should be expressed in a simple form, you do not need to
solve the integral.

b. Calculate from this expression the limiting value of the average height as T' — oo (you
must show your work).

c. Calculate the average height as T' — 0. Your answer must include the leading T
dependence.

d. Repeat parts a, b and c for the average energy.
e. Sketch the heat capacity for this system.
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STATISTICAL MECHANICS

2. A one dimensional system consists of a point mass m attached to a linear
spring with spring coefficient k. The other end of the spring is tethered to a wall which is
completely impenetrable. Thus the equilibrium position of the spring is at the wall.

a. First consider the system to be classical and calculate the average energy as a function
of temperature.

b. Now consider the system to be quantum mechanical and calculate the average energy
as a function of temperature.

c. Show that your answer in part (b) goes to your answer in part (a) in the limit of high
temperature. Evaluate your answer in part (b) at zero temperature.



sorution Sizt Mecl %2 (9a¢

(a) The potential energy is V (z) = Vo(z) + W (z), where Vo = 2kz? is the potential of
a linear spring, and W (z) represents the potential of the wall which is infinite for X < 0
and zero otherwise. The average energy is the sum of the kinetic and potential energy.
By the equipartition theorem, the kinetic energy is KpT'/2. The average of the potential
energy is
I e A% @V, (z)da
fooo e—P% (=) dg

By symmetry we can change the limits so as to go from —co to oo. This is identical to the
average potential energy of a spring without a wall, which by the equipartition theorem is
kpT /2. Thus the sum of the kinetic and potential energies yields kpT.

(b) The quantum problem with a wall is like the problem without a wall except that
the boundary condition at zero is different. We require that the wave function at the wall
is zero. Without the wall, the energy is E,, = hwo(n + -21—) wo = 1/k/m is the oscillation
frequency. With the wall, the even n solutions are not allowed since they violate the
boundary condition at zero. However the odd n solutions are allowed. Therefore

E,= ng(% + 14 2n).
for n =0,1,2,.... This can be rewritten as
E,, = hwan + Ejy.
where ws = 2wy = 2\/Fs/—m, and B = Swo. The average energy
(E) = Eg + hwa(n)

The term (n) is identical to the average occupation of bosons at energy fiws (with zero
chemical potential). This is the Bose-Einstein distribution

1
(n) = cBhwz _ |
Therefore K
W2
(E> = EO G = 6}55(&,2 1

(c) At high temperatures, # — 0 so that
ePhor _ 1~ Bhw,
Substituting this into the answer for (b) and ignoring the zero point energy term, which

is negligible, we obtain (F) — kpT as kpT — oco. When T' = 0 we have the zero point
energy Fo = %wg.



STATISTICAL MECHANICS

3. Consider an infinite line charge with charge per unit length X\, which can either
be positive or negative. One end of a massless linear spring is attached to it, and the

other side has a charge ¢ and mass m. Call the spring constant k, and treat this system
classically at finite temperature 7.

q

distance
from line

a. Write down the partition function for this system.

b. Calculate the average distance between the charge and the line as a function of 7" and
A

c. Find the region in the A-T plane where this average value is zero.



sorution Stat Mech #3 (492

(a) The potential energy of the spring is Us,(r) = %krz. The potential energy of the
line charge can be calculated from the electric field which in turn can be obtained from
Gauss’s law: 2nrE = MA/e (SI units). Therefore E = A\/2meor. Since E = —VV The
electric potential energy is

U.y=qV= ——Alnfr
2mey

Adding these two energies together
Z = / e~ (BE(r*42) gl In ’")”T27rrd?°dz/ ~(3m(v; "'“3+”3)/Tdvxdvydvz
Jo

(b) The average value of r is

| G_H/Tr2ﬂrdrdzdvmdvyduz
[ e~ #/T2mrdrdzdvydvydu,

) =

The velocities and z integrals cancel leaving

a2 .2y _gh

fooo & (5k(r®+z°) s lnr)/TTzd‘i”
; S S O R (R . 8

jooo & (Sk(r?+22)— 5= 1nf)‘/TT'd?”

(r) =

Let u = 5=kr? and define K = %% Then rdr = 3d(r*) = Ldu. Simplifying,
2Tf0 (u—KInr) \/_du

(?‘) = I jo e— (u— Klnr)du

which can be expressed as

f% J‘O e—(u—%lnu)ﬁdu 3 2Tf000 e_uugK;-I)

o —(u—E Inw) k oo __ .. K
fo e 2 du fo e~ uy2

This can be written in terms of Gamma functions
K o8
E F(-z— + §)
V% TE 1)
(c) For sufficiently strong attractive forces, the denominator diverges. The divergence

occurs when /2 diverges faster than ™!, or when K < —2. Therefore the region in
parameter-space where the the average is zero is

@ .
2meT
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Statistical Mechanics
(do 2 out of 3 problems)

Please do EACH problem you attémpt on a SEPARATE paper.
Put your name on each paper.



Qualifying Exam Copy Disclaimer:

Solutions are submitted at an early stage in the Written
Qualifying Exam preparation process. No effort is made to
update solutions. Some questions may have been changed
since the solution was written. Solutions may contain errors,
inaccuracies and/or omissions. Use them cautiously.

If similar or related questions appear on any exam, errors,
inaccuracies and/or omissions in these materials will not be
cause for any change in score or outcome.



1.

STATISTICAL MECHANICS - 1

Consider an infinite one-dimensional chain of ferromagnetic Ising spins. Each spin

has the value S = 41 and interacts only with its immediate neighbors with interaction
strength J > 0 and the Hamiltonian H = —J }_ ;.. SiS;.

a.
b.

C.

Find the exact partition function of this system.
Find the energy of this system as a function of temperature and sketch the result.

Find the specific heat of this system as a function of temperature and sketch the
result.

Does this system have long range order at finite temperature? How do you know this
from your solution?
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STATISTICAL MECHANICS - 2

2. Consider a crystal that is formed of two elements, A and B, and has the chemical
formula AB; [eg, SrCly]. In this crystal there are N4 A sites and Np B sites; Ng = 2 N4.
The Gibbs free energy is given by G = Go + Uang + Upnpg — ST for this case.

a. Consider vacancies on both the A and B sites. For this problem assume no other
defects are present. The energy to form an A site vacancy is u4 and to form a B site
vacancy, ug. Let there be n4 vacancies on A sites and np vacancies on B sites. Write
down the Gibbs free energy in terms of the configurational entropy and caculate the
equilibrium value of n4 and npg for a given value of temperature T. What is the ratio
ns/ng?

b. Next consider only site-antisite disorder in which pairs of atoms are on the opposite
site. (Neglect other defects here). Let ue; be the energy to interchange an A and
B atom. Let n; be the number of B atoms on A sites and n, be the number of A
atoms on B sites. (n, = np = n). Again use the Gibbs free energy to calculate the
equilibrium number of site-antisite defects [ie calculate n] at a temperature T. Assume
n << N4 or Np.
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STATISTICAL MECHANICS - 3

3. If the energy stored in the rotational and vibrational modes is not too large, we may
approximate the Hamiltonian of a diatomic molecule by

H= Htrcmsl o Hmt + Hm‘b

neglecting any effect of the rotation on the vibrational modes and the effect of the vibra-
tional distortions on the moment of inertia, I. In a dilute gas, the density of will be low
enough so that the translational motion can be treated classically. The energy of rotation
is:
%3 +1)

2I
where j = 0,1,2... is the rotational quantum number. The state with quantum number j
has degeneracy 27+ 1 (we have, for simplicity, assumed that the two atoms in the diatomic
molecule are different). The vibrational degree of freedom may be taken to be that of a
simple harmonic oscillator with frequency w,,.

E;=

a. Find a general expression for the energy at temperature T'.

b. Determine the energy and specific heat for the following cases:
(i) TxO, <,
() .« «h,

(i) 6, < 0, < T.
where

B2 Fuwy
2Ikg’ kg

Hint: The Euler summation formula,

Or

It

> )= [ @)+ 310 - 57O +...

n=0

may be useful.

¢. Show that the specific heat per molecule is approximately %k B %k B, and %k B respec-
tively in the three ranges.
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