Notes for Lecture 9

The Variational Principle

Suppose there is a principle that is very useful practically and is very easy to prove.
Suppose also that, despite these pleasant features, the answer that it gives is never
quite exact, unless you get really really lucky with your intuition, or, more realistically,
the luck finds you since you trained your intuition so hard. How should we think
about such a principle? Should we complain about it since the solution is almost
never exact? No. We value such a principle very much! It is one of the cherished
tools to attack unsolvable problems of the real world!

9.1 The Variational Principle

As remarked above, the variational principle is very easy to state and prove.
(¢ ‘f] ‘ @b) > Iy for any state |¢) (9.1)

where Ej is the ground state energy, i.e. the lowest energy eigenvalue of H.

To prove, we use the resolution of identity for the energy eigenstates. Here, we
will assume that the energy spectrum is discrete, while the proof for the continuum
case or the mixed case is left for your exercise. Assuming that |E,)’s are energy
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eigenstates, with n being just a serial number for eigenvaluedl} Ey < F; < ..., we get

w ‘fIW) = <1/}|H;|En> (E,|v) Resolution of identity (9.2)
= LE (BB V) By, =Bam),  (9.3)
= Y E.|C? Co= (| En), Ch=Ch=(¢|En) = (Balw)  (9.4)
> g@ Y 1C? because Fo < B, (9.D)
= E ' Probability sum rule: 3 |Cnf* - 1 (9.6)

Essentially, this proof amounts to the following observation. For an arbitrary state
not exactly in the ground state there is a probability that it is in excited states—so
its energy expectation value is naturally higher than the ground state energy.

9.2 Some remarks

The principle is almost trivial, but why give it a grand name like “the variational
principle”? Also, as stated above, it concerns only with the ground state energy, i.e.
only one of infinitely many energy values that one could obtain if one were to solve
the problem exactly!

The answers to these questions is that (1) the ground state is singularly important
to learn the physics of any system, (2) there are infinite real world problems for which,
even when the problem is simplified to bare essence, the exact solution is unavailable,
and (3) there are problems for which the perturbation approach simply fails. Big
problems that correspond to (2) and (3) are numerous, and they tend to make a
list of problems for which Nobel prizes have been given for progress in theory (BCS
superconductivity, Kondo effect, quantum Hall effect, asymptotic freedom in QCD).

The variational principle can be really useful for these real and really tough prob-
lems, while it goes without saying that it pales in comparison to exact solutions, if
available.

Of course, there are other approximate methods than the variational principle.
The mean field theory (e.g. Hartree theory or Hartree-Fock theory) is an example.
Generally, the answer provided by the variable principle is better, assuming that the
variational wave function is chosen well.

S0, please do not confuse this with n in the Hydrogen-like atom problem. Here, we are using n
as a collective group index for all quantum numbers that characterize an energy eigenstate.
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NOTES FOR LECTURE 9. THE VARIATIONAL PRINCIPLE

In practice, what happens is that one writes a variational wave function, by making
an intelligent guess, which contains one or more variational parameters. The energy
expectation value of such a trial wave function is easy to compute. And the
minimization of the energy expectation value with respect to variational parameters
leads to an estimate of the ground state energy. Due to the above principle, that
estimate is always an upper bound.

In addition, note that this principle can be extended to an excited state, if one
knows the symmetry property. For instance, a variational wave function for a parity
symmetric potential in one dimension can be written as an even function to give the
ground state energy, but it can be written as an odd function to give the first excited
energy.

9.3 Helium atom problem

For an unsolvable problem for which the variational principle can be really helpful,
let us look at the problem of the Helium atom.

Please read other more elementary examples in the textbook. In particular, the
Hydrogen molecule ion in Section T7.3 should be of interest—1I leave it to your reading.
You will see that the structure of this problem is much like Homework 3.1 or any
2 x 2 matrix problem that we dealt with so far in connection with the degenerate
perturbation (Lecture 5).

Now, the Helium atom problem.

[_A[ = ﬁ1+ﬁ2+‘7ee (97)
9 2
H, = - 9.8
! 2m,. 4megry (9:8)
52 2
2 D3 2e
Hy = —— - 9.9
2 2m,. 4megrs (9:9)
~ e2
Vee = —— = (9.10)
47T60 7_:1 - FQ

So, the Hamiltonian, H is Eq. 6.12 with Z = 2, the Hamiltonian for one electron in
the presence of a Helium nucleus. The Hamiltonian H, is the same, except that it
is written in terms of 75 and p,. This is, of course, due to the fact that our Hilbert
space is doubled due to there being two electrons in the problem, instead of one.

This problem is unsolvable due to V... What might we do about this problem?
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9.3. HELIUM ATOM PROBLEM

Let us start by recalling what the 1s wave function looks like for the Hydrogen

atom.
. [ 1 r
Y100(r) = [ —5 exp (——) for Hydrogen (Z =1) (9.11)
Tay ap

Here, the spatial wave function is written with the quantum numbers, nim,;, as the
subscript. This wave function is the product of the radial wave function Rjo(r) and

the s-wave spherical Harmonic function, Yy (0, ¢) = /1/(47).

Now, what happens to this wave function when Z in Eq. 6.12 is taken into account?
As can be guessed from the form of various r integrals (e.g., Egs. 7.6-7.9), the answer
is very simple: ag - ag/Z. That is, the length scale of the problem gets reduced by
the factor 1/Z. So, we can write

. Z3 A
P100(7) = ‘ — exp (__7") Hydrogenic atom (9.12)
Tay, ag
. 8 2
P100(7) = —_exp (——T) Helium ion, He'* (9.13)
Tay ap

The problem that we have now is that we do not have a Helium ion, but we have a
Helium atom with two electrons. What would happen when there are two electrons,
instead of one electron, in the presence of the Coulomb potential due to the Helium
nucleus? Here are some useful observations.

1. Due to the fact that electrons repel each other, each electron will not get as
close to the nucleus as it would in He'*. So, clearly the mean distance between
each electron and the nucleus will become longer.

2. Due to the fact that the other electron screens the positive charge of the nucleus
(not completely but partially), each electron will experience a smaller positive
net charge of the nucleus than +2e.

These two views are completely complimentary, and point to a qualitative picture in
which each electron is farther away from the nucleus than in He'* but closer to the
nucleus than the Bohr radius (the value for the Hydrogen atom).

Given this intuition, it can be argued that a very sensible idea is to try the
following variational wave function.

3
Y100,(7) = :—3 exp (—g—?n) trial wave function; £ = Z, (9.14)
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NOTES FOR LECTURE 9. THE VARIATIONAL PRINCIPLE

Note that { e represents the effective charge Z. ;s e of the nucleus + the other electron.
As such, we should expect that

1<€<2 (9.15)

If our calculation gives a final £ value outside this range, that will ring a loud alarm
bell.

Now, all we have to do is to calculate the energy expectation value for this trial
wave function and then minimize it with respect to £, to get an estimate of the ground
state energy.

But, hold on ... we do not yet have a full wave function! That is, we need to
realize that this is a two electron problem, and the wave function must be written as
a two electron wave function.

What we are conjecturing here is that in the Helium atom, the 1s orbital looks
like the above trial wave function for the spatial part. The two body state is then
described as

|1s%) = |(100,€)?, Syt = 0) (9.16)

(100,6), (100,¢)) =1 ©.17)

V2

Here, the first (100,¢) is for the Hilbert space corresponding to the coordinate 77y,
and the second (100, &) is for the Hilbert space corresponding to the coordinate 7.
Likewise, the first arrow in the spin ket corresponds to the Hilbert space for spin 1
(S1) and the second arrow in the same ket corresponds to the Hilbert space for spin 2
(S2). The spatial ket [(100,&), (100,¢)) and the spin ket, e.g. [11), are “multiplied” in
the sense of the direct productf] since they belong in different spaces. The fact that
the spin part is anti-symmetric with respect to the exchange symmetry, i.e. it acquires
a negative sign if we exchange the first spin value and the second spin value in all
spin kets, ensures the overall odd symmetry under particle exchange, required for two
electrons since electrons are Fermions. This is due to the fact that the (ordinary)
spatial part must be be symmetric for [1s?) under exchange of the first part and the
second part, since two parts are identical (= (100,¢)).

Now, let us represent the above state.

0
|15%) = 00,6 (1) 00,6 (72) — (9.18)

20r the direct sum, whichever terminology you prefer.
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9.3. HELIUM ATOM PROBLEM

Here, the spin wave function is written explicitly as a direct product, to avoid any
confusion, and the subscripts 1 and 2 in the spin wave function refer to the spin
Hilbert spaces 1 and 2 respectivelyf}

Because the Hamiltonian, Eq. [0.7] is spin independent, and because what we like
to calculate is just (132 |H | 132>, the spin wave function is irrelevant for the current
problem. All we need is

‘1S2> = 1/)100&(7_")1)@@10075(7_:2) (ordinary) spatial part only (919)

With this, and keeping in mind that an inner product involves a double integral
[ drydry, we are ready to solve this problem.

Before we calculate the integral, a significant amount of work is saved if we write

~ A~ — 2 A - A

Iy = A, i, 6) - C97 HB(ﬁl,m,&h(ﬁ)vB(fl,f) (9.20)
TEQT 5

A~ A — 2 A — A

e = A2 ) - G0 = Ha(inin )+ (225 ) Vi) 020

where H B(p,7,§) (B for Bohr) is the Hamiltonian for an Hydrogen-like atom, Eq.
6.12, but with Z =&, and Vg(7, &) = —€e?/(4meor) is the potential energy part of it.

As 1100 ,£(71) is an eigenfunction of Hp(pr,71,€), and since the expectation value of
VB(ﬁ, €) is readily available if one uses the virial theorem, it is rather straightforward
to calculate (I;H) on |1s?). Regarding the double integral, 190 ¢(72) simply integrates
out due to the normalization.

<132 ‘F[B(ﬁl,fhf) ‘ 132) f dry 10,6 (1) Hp (p1, 71, €) 100 (1)
x f dFs Vo0, (Fa) 100 (72)

= f dFl wTOO,ﬁ (7_:1 )HB (pl, T, 5)1#100{(?1) wave function normalization

—§2R ( HB(g) @ZJ1007€ = —sz’I?DlO()’g) Eq. 710 with Z=¢,n=1
2(182 ‘ﬁB(ﬁl,ﬂ,{’) ‘182> virial theorem
= -26%R R=13.61 eV

<]_82 ‘VB(fl, 5) ‘ 1S2>

Here, the virial theorem for the Hydrogen-like problem is used to deduce that (I:I B) =
(T)+{Ve) = =5 (Vi) + (Vi) = (Vi) 2.

3The direct product can be seen as essentially nothing more than combining the two Hilbert
a

spaces. The spin wave function (Z) ® (2) is equivalent to c
1 2

d 1®2
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So, we get
() = (€ -49) R
It should not come as a surprise that (I1,) is identical to this.
(0, + H,) = (262-8)R (9.22)

For the expectation value of V.. we do need to evaluate the full double integral since
the potential depends on both coordinates.

e2

= fd?ldFQ V00,6 (71)%T00 £ (72) P100.¢(71) %100, (72)

47T€0 |7—:1 —7_")2|

Plugging in Eq. [9.14) and using e?/(47ey) = 2Rapg, we get

2
(‘766) = (5_33) 2Ra3fdf1d;2 eXp(_Qf(rHrg)) _ 1ﬁ

Tay, ap |71 — 73|

3 \2 9
= (6_3) 2Rap fd?ldrgdcosegdgbzr%exp(— §(TDLTZ)) — 1%
Tay ap |7“1—7”2|

The integral over df)y = dcosfy dp, can be easily done, if for any arbitrary but fixed
r1, we set up the coordinate system for 7y so that its z axis is along 7;. Then,
|7y = 79| = \/72 + 13 = 2r179 cos Os.

1
/dCOSQQ dgbg m = 27 fl d?? (7"1 +T2 2T1T27]) 12
1= 172
9 1
) (r? +r2 = 2ryryn) Y2
—Trro -1
2T
= — —+ — —_
1T (7‘1 )] |T1 T‘2|)

Clearly the integral over d€); = dcosf; d¢; is now trivial, and we get

. 16£6
(Vee> 65 al /drldrgexp( M) rirg (ry + 19 — |11 — 1ral)

ap
16 6R
= 55 ( )] dChf dgzexp (—(¢1+ @2)) 1162 (1 + G2 — |1 — @2|)
B

where the substitution ¢; = 2£r;/ap has been made. Now, let us make the change of
variables ¢ = ¢1 + g2 and p = ¢; — g2. The integration range is easy to figure out (see
diagram), and dq;dqs = dqdp/2 considering the Jacobian matrix (see diagram).
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P = §-6
SUC
Vo Tntegral rangR = j‘f‘ﬂ' dp
P=%-%, ©r
F=%18
e _omy 7 es| _
J:’QC??)#[! r] ITJJZ
REE~
r 4% — L 4,4
- o - F g"
0{?7 It 2(p. 9 &
‘9(5]"‘3-2)
(Vi) = 55 [ da [ Cdper T - o)

R
g—f dqe‘qf dp(q* - pg® - qp* +p°)

{R/ q4( 1 1)
= 1____ -
dge” 5 3+4

_ S5¢R 4l
8-12
_ 5¢R
4
Therefore, we get, by adding this to Eq.
- 27
(H) = (252—Z§)R (9.23)
This expression attains the minimum value when
27
§ = Zegy = 6 - = 1.69 (9.24)
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Indeed, this number is greater than 1 and less than 2, as we expected. And the
minimum energy value is given by

6

- 3
(H)ee = o7 B = ~TT489 eV (9.25)

The experimental value is -78.975 eV, which is very close to this value!

Note that had we been very naive and ignored the electron-electron interaction Vie
completely, then we would have found that the state |1s)2 with £ = 2 is the eigenstate
of the Hamiltonian H; + ﬁQ, with its eigenvalue given by Eq. with £ = 2. That
value is —8 R = —109 eV, which is quite a poor solution, compared to the above value
obtained by the variational principle. Had we been less naive, but not so enlightened,
as to use Eq. with £ = 2 to estimate the ground state energy, then we would have
obtained —-5.5R = -74.9 eV, which is great improvement over -109 eV, but still a bit
short compared with the above variational value.
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