














The last slide is worth some more comments. The symmetry principle as stated on the right side is important. The
question that was posed during the review session is the following: for given A and B, compatible as stated (i.e.,
they commute with each other), and for a given eigenstate of 4, |4), is B|A) = B|A)? And the answer is NO.

The answer would be yes if |A) were a unique eigenstate of A for eigenvalue A. If there is any degeneracy, then
B|A) is not |A) times some number, in general. An example (blue writing in the lower center part) is given to
illustrate this point. Here, a z-partity and a 90 degree rotation around the z axis are considered, along with a state
|1p) = Cz%x, where C is a normalization constant. Or, [{) = Cx will do, also. While this state remains the even z-
parity state after the 90 degree rotation, it does change since x = y, by 90 degree rotation around the z axis (as we
saw in a homework problem).

The important point here is that friends—commuting operators—do not mess with eigenvalues, but eigenvectors
can be messed up. All we can say is that A(B|4)) = A(B|A)).

To prove the second principle, the simultaneous diagonalizability, one can proceed as follows. For a given |A), apply
B toit. We just saw that the result is generally not |A) times some number; thus, B|A) in general has some
component perpendicular to |A). Do not be alarmed. Simply keep operating B on this result, until all resultant
states are describable as a linear combination of a certain number of orthonormal vectors. The space spanned by
these orthonormal vectors is what we may call the degenerate subspace of 4 for the eigenvalue A. In this subspace
(of the total Hilbert space), the A operator is simply a number, 4, times the identity operator, and so it is always
diagonal, no matter what orthonormal vectors you take as the basis set for this subspace. Now, by assumption, B is
diagonalizable in this subspace. So, do it, and we have diagonalized A and B simultaneously. Repeat this for all
eigenvalues of A. QED.

Notice that the steps in this proof of the one of the most important theorems of quantum mechanics (principle (2) of
the last page) are very similar to what we have been doing with the degenerate perturbation case. In that case, we
identify the degenerate subspace of H, and then diagonalize H; (or Hy + H;). When we do so, we are
simultaneously diagonalizing H, and H; in this degenerate subspace. So, this seems quite similar to what we did in
the previous paragraph. However, the identification of A and B must be carefully done. Often, H, and H, do not
commute. However, almost always, H; has a certain non-trivial symmetry, which is part of the symmetry of ﬁo.
Then, one identifies ﬁo as A and S (the group of compatible symmetry operators for ﬁl) as B.



In general, the important symmetry principle (1) is used in the following way, for diagonalizing the Hamiltonian H.

1. Identify A as the group of compatible symmetry operators for H, and B as H.

2. Identify degenerate subspaces of A.

3. By the symmetry principle (1), H has no matrix element connecting states in different degenerate subspaces of
A. So, then, our task is to diagonalize H in each degenerate subspace of A. This is how the symmetry principle
makes it easier for us to diagonalize H. Without using the symmetry principle, we would have to diagonalize H
in the entire Hilbert space. With the symmetry principle, we would need to diagonalize H in one degenerate
subspace of 4, at a time!

In the above, the notation is a bit sloppy, since we used A for a set of compatible operators. This was only for the
convenience of notation. Please see Homework 4.1 as an example for using sets of compatible symmetry operators.

In any case, what we must always do is the following. Identify the symmetry of the problem, and write down the
most general symmetry eigenstate. Then, this state is an eigenstate of the Hamiltonian. By the most general
symmetry eigenstate, we mean a general linear combination of eigenstates with the same symmetry eigenvalue.
Note that there will be undetermined coefficients involved to write such a general linear combination. This is how
far the symmetry principle can help us. In order to really find the values of the coefficients for the Hamiltonian
eigenstates, we must do some work—such work corresponds to diagonalizing the Hamiltonian in the degenerate
subspace of the symmetry operator(s).

As an example, consider problem 5 of the practice midterm. The symmetry operator that we can choose is R, (g),
rotation by 90 degrees around the z axis. (There are other rotations such as rotation by 180 degrees and 275
degrees, but they are all diagonalized, if we diagonalize R, (g ).) To solve the Hamiltonian using this symmetry, then

we must write down the most general eigenstate of R, (g ), such a state is given by Yp—_o C,|m + 4n) where we

define |m) as a state described by the wave function Ne‘™?, where N is the normalization constant 1/v/2m, 8 is the
polar angle defined in the xy plane, and m is an integer. (cf. Homework 3.4.)



