Notes for Lecture 16

Coupled Oscillators

We discuss one of the most important general topics of mechanics, the problem of
coupled oscillators. We will approach this problem using a simple example, as defined
below.

16.1 Newtonian EOM method

This method always works for any coupled oscillator problem. However, it may not
be clear why it works. For that, see the Lagrangian method section.

16.1.1 Normal modes and their frequencies

For the above problem, the equation of motion for each mass is written, by inspection,

M[i'l = —k’l‘l — H(ZEl — .172)

M.ifz = —k'SL'Q — KZ(Q?Q - 1'1)



16.1. NEWTONIAN EOM METHOD

This method starts out by assuming that a solution of the following form exists.

r1 = uwexp(iwt)

Ty = vexp(iwt)

This form of solution, where, all generalized coordinates oscillate at the same
frequency is called a normal mode solution.

As in the SHM problem, here we decide to do solve the problem in the complex
number domain, as we expressed x; and x5 in terms of complex function exp(iwt).
Likewise, v and v are complex numbers. We have in mind that after we are done
obtaining the complete solutions of x; and x5, we will take their real parts, which will
be the real solutions.

By plugging in this normal mode solution, we get the following set of equations:

—Mw*u = —ku— k(u—v)
~Mw?*v = —kv — k(v —u)

Note that the exp(iwt) factor has been divided out from these equations, since it is a
common factor for each term.

These two equations can be rewritten as
BV =0

kE+x — Mw? —K
—K k4 k — Mw?

oot
Il

We like to solve the above matrix equation for V. Clearly, there is a trivial solution
V = 0. In fact, if B is invertible, then we see that B-'BV = V = B~10 = 0,
ie.V = 0.

Therefore, we conclude that if B is invertible then we will get only the trivial
solution, corresponding to no motion at all. This solution is definitely not what we
want.

For a non-trivial solution, then, B must be singular (or non-invertible), namely

1Bl =
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NOTES FOR LECTURE 16. COUPLED OSCILLATORS

This gives the secular equation for w?:
(k+Kk—Mw?)? —k* =0

From which we get

w = VEk/M, /(k+2kr)/M

These are examples of the so-called normal mode frequencies. They represent
the natural frequencies for a couple oscillator system.

So, using the assumption that a normal mode exists, we found two of them. The
reason is that there are two degrees of freedom in this problem. This is very general.
If there are n degrees of freedom in a coupled oscillator problem, then there are n
normal modes.

16.1.2 Shape of normal modes

Having obtained the normal mode frequgncies, we can ask what each normal mode
looks like. For this we need to solve for V.

For w = +/k/M, we see that B = (£ 57). So, BV = 0withV = (%) leads
to the following condition:
u = v

This means that the two masses will move completely in sync, or in phase. We call
this a symmetric mode, since the displacement on the left and the displacement on
the right are identical.

It is easy to see that why this mode has the frequency \/k/M. As the spring at
the center is never stretched or compressed, it is as though it does not exist!

For the other mode, w = +/(k + 2k)/M, we see that B = (ZrF =%), which means
that
u = —v

This means that the two masses move completely out of phase. We call this an
anti-symmetric mode, since the displacement on the left is opposite in sign to the
displacement on the right, while equal in magnitude. This type of mode is also called
a breathing mode.

It is also easy to see why this mode has the frequency /(k 4+ 2x) /M. In this mode,
when the spring on the left is compressed or extended by x1, then the spring at the
center is extended or compressed by twice as much. The net result is an effective
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16.1. NEWTONIAN EOM METHOD

spring constant k 4+ 2k acting on the mass on the left. The same conclusion can be
easily made for the mass on the right as well.

To prepare for the next discussion, let us write explicitly the amplitudes associted
with each normal mode.

For the first normal mode, 1 = 25 = wexp(iwt). Let us take u = Djexp(i¢y),
with two real constants D; and ¢;. Finally, taking the real part, we can write

Ty = Ty = Djcos(wit + ¢1)
where wy = /k/M.

For the second normal mode, xr; = —x5 = wuexp(iwt). Let us take u =
Dy exp(i¢e), with two real constants Dy and ¢o. Taking the real part, we can write

Ty = —xy = Dycos(wat + ¢o)

where wy = +/(k + 2k) /M.

16.1.3 General solution

Let us note that the EOM that we started with has an important fact in common
with the SHM EOM (LN 6). The EOM is linear. All terms are of linear order in
T1, T or their time derivatives. This means that the two normal mode solutions that
we found above, if simpled added (or formed into a linear combination in general),
will give another valid solution.

Keeping in mind that this problem involves two amplitudes, we realize that a
solution of this problem is a vector (z;). Above, we obtained two such solutions
for the two normal modes. If we just add them up (which is all that needs to be
considered in this case as each solution already includes an arbitrary multiplicative

constants Dy and Dy), then we get another solution (31 ), as given by

1\ _ (Ds cos(wit + ¢1) n Dy cos(wat + o)
9 D cos(wit + ¢1) — Dy cos(wat + ¢o)
Thus, we obtain the following general solutions for this problem

x1 = Djcos(wit + ¢1) + Dy cos(wat + ¢o)
xo = Djcos(wit + ¢1) — Dy cos(wat + o)

Why are these general solutions? They are good solutions and they contain four
integration constants (D, D, ¢1, ¢2). These four constants can be fixed if sufficient
number of initial conditions are given.
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NOTES FOR LECTURE 16. COUPLED OSCILLATORS

16.2 Lagrangian method

The above method of solving Newtonian EOM works well. Even when the system
involves damping, it works well. On the other hand, it does leave something to be
desired as a formalism. For a general formalism, the Lagrangian method that we will
discuss now is much more satisfying.

16.2.1 Mass tensor, stiffness tensor

In the Lagrangian method, we examine the kinetic energy and the potential energy

L =T-U
1 1
1 1 1
U = §kxf+§/i(:c1—x2)2+§k:c§

If we wrote down the Lagrangian EOM using this Lagrangian, we would obtain
the precisely the same EOM as we solved above. This is not the purpose of this
section. Instead, let us turn 7" and U in a more interesting form.

1., o .

T = —2#'Mx
293 T
1, -

U = -i'Az
2[[‘ X

Here, 7 = (71). The matrices defined here are the mass tensor (]\H/[ ) and the

stiffness tensor (/T) Comparing the two forms of 7', we see easily that
o M 0
= (5 )
For fT, let us note that
Lo b oy Ly oo
U = §kx1 + 5/1(1‘1 — 2x1%9 + T5) + §k:x2

For constructing AH, we take its non-diagonal terms to be symmetric to find
- (k:—ir K —k )
-k k+K
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16.2. LAGRANGIAN METHOD

It is very important to note that (1) by construction M and A are real symmetric
matrices and (2) M is a positive definite matrix. The latter means that v M7 is zero
only if ¥ = 0 and positive for any non-zero vector v.

16.2.2 General formalism

In the above example, the vector (7. ) is what we were solving for.

In general, what we are solving for is a vector of generalized coordinates
41
O 0
a=1 .
dn
We define a general coupled oscillator problem (in the harmonic approximation)
as

=T7T-U

].;t<—>;

T = —-q¢"Mq
2

1, <,

U= 50A44q

where M and A are real symmetric matrices and M is positive definite.

Generally, any system of particles in a stable equilibrium state is expected to show
this form of Lagrangian near the equilibrium. This is because expanding around the
equilibrium point, taking ¢ as relative to the equilibrium, there will be no term linear
in ¢ in U. Likewise, the kinetic energy term will be at least quadratic in generalized
coordinates, as it arises from v2. If the generalized coordinates are defined such that
there are higher order terms in 7', then, those terms can be ignored using small
angle/displacement approximation.

As one can see, the above problem covers a lot of physical situations! The de-
scription “any system of particles in a stable equilibrium state” applies to a lot of
situations. In particular, molecules and solids are prime examples of this problem.
This generality makes this problem pretty important.
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NOTES FOR LECTURE 16. COUPLED OSCILLATORS

16.2.3 General solution

The general approach to solve the above problem is the following. Let us consider a
non-singular coordinate transformatlonl T

3 Q)
Il

~ 1

)

Upon the coordinate transformation, we get

T

N

T = ~1f*
7T AT

N

U:

NSRS NN

What would be really nice is if the transformed mass tensor (ft]\? TH“) and the trans-
formed stiffness tensor (T*AT) are both diagonal. Can this wish come true? We will
now show that the answer is YES! Let us assume that the wish came trud?

TMT = M,
TIAT = A,
Here,
m; 0 0
o 0 m3 0
Md =
0 0 0
0 0 m;

where m;’s are effective masses and

£ 0 0
o o & 0
1o o 0

0 0 ke

where k}’s are effective spring constants.

!This transformation matrix is called a in the textbook.

2These two equations mean that M and A are simultaneously diagonalized by the coordinate
transformation T.ITis an orthogonal matrix, then the above equations mean M7 T = TMd and
AT = TAd in this case, the column vectors of T are simultaneous eigenvectors of M and A. T can
be taken as orthogonal if M or A is a constant times the identity matrix. This is often the case, but
not always, making T non-orthogonal in general. So, in general, it cannot be said that the column
vectors that make up 7" are simultaneous eigenvectors of M and A.
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16.2. LAGRANGIAN METHOD

It TPMT = ]\Hid is true, then ft]\?f]\?gl = 1. Inserting this in front of ;fd in
the equation T'AT = Ay, we get T'AT = T*MTM;'A,y. Multiply 7! from the
left and we get

Axdhnd >
AT = MT\
w? 0 0
< A 0 w% -0 9
where A = M, A; = . and w; = kf/m}.

This matrix equation can be re-written as the eigenvalue equation form
AT = W2NIT

where ﬁ is the i-th column vector of 7. This eigenvalue equation is the so-
called generalized eigenvalue equation.

With Z, M symmetric and M positive deﬁnit, the above eigenxalue equation
can be shown to be always solvable to give a non-singular matrix 7. Read more
about this well-known problem in any linear algebra book or a technical book such
as “Numerical Recipes in C.”

Note that to complete the theory we still need to show that such T found does di-
agonalize M and A simultaneously, as we prescribed above: TTMT = Md, THAT =
Ag. Le., so far we have merely shown that AT = MTXis a necessary condition for
the simultaneous diagonalization. Showing that it is a sufficient condition is required
to complete the theory. The following note shows how this proof is done (n = 2
case for simplicity, but generalizable to any n). Note that part of this proof is the
“orthogonality” of T; vectors with different eigenvalues, if the mass tensor M is used
as the metric tensorﬂ Also, note that this note assumes that eigenvalues (w;’s) are
all distinct (non-degenerate). If any of them happen to be the same (degenerate
eigenvalues), one can always take eigenvectors to be orthogonal (see footnote @

3You may wonder whether A is also positive ¢ definite for motions around a stable equilibrium.
This is actually not true. This is because, ¢ Aq can be zero for non-zero ¢, corresponding to
a translational mode. On another note, notice that our formalism here would work even if the
equilibrium is a (partially) unstable one. In such a case, some k; values will be negative.

4S0, in general, they cannot be said to be orthogonal in the normal Cartesian space, unless M
gives a Cartesian metric — a constant times the identity matrix
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Note that since m; > 0 (due to M being positive definite), w? > 0 if k£ > 0. This
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16.2. LAGRANGIAN METHOD

would be the case for motions around a stable equilibrium point. We will consider
this case only in this noteﬂ.

Note that by finding the matrix T we reduce the Lagrangian into a sum of n
separate Lagrangian for n normal modes

1 .. 1,
L = Z(§miﬁf—§kﬂ7?)

i

Thus, each normal mode has a simple harmonic motion solution (with w; =

VEm):

ni(t) = D;cos(w;t + @)

To find ¢;(t), all we need to do is to use ¢ = fﬁ
aG(t) = D Tym;(t)
=1

If 2n initial conditions are given, then all constants D; and ¢; can be determined.
Generally, initial conditions are given in terms of ¢; and ¢;. These initial conditions can
be ConvertedHto initial conditions for normal coordinates and their time derivatives,
using 77 = T~'¢. Using the initial conditions for n; and 7; thus determined, D; and
¢; can be determined easily.

What we just proved should impress you. We just showed that, no matter how
many particles we have and no matter how they interact with one another, the
motion near the stable equilibrium is described by n independent normal modes,
where n is the total degrees of freedom. This is indeed a very impressive general
result. As you can imagine, this result is nicely utilized in many disciplines of
physics, such as statistical mechanics, condensed matter physics, and others.

16.2.4 Back to the example

Note that, for the simple example that we started with,

X:(k—i-/ﬂ —Ii)
-k k+k

5But, see footnote
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and M = MT. For the generalized eigenvalue equation to have non-trivial solution,
we require

1A —wM| = 0

Note that this secular equation, if we plug in A and M becomes exactly the same
secular equation that we solved within the Newtonian EOM method. As for the T
matrix, we see that each column vector T is sort of equivalent to the vector V found
in the Newtonian method. Indeed, they are the same eigenvectors that satisty the
same eigenvalue equation. Just as the V vector in the Newtonian formalism, there
is an overall scale that is freely adjustable for each eigenvector T; in the Lagrangian
formahsm However, there is an important difference between them. Each
TZ should be a real vector and it should be chosen definitely as a non-zero vector.
Namely, each TZ should be chosen as one specific vector that represents a direction
in the n dimensional vector Space@ Often, it is a good idea to choose 7; as a unit
vector, if that makes T" an orthogonal matrix. Often, it is OK to choose T;’s to have
nice numbers (all integers). It is your choice.

For this particular example that we started with, the following shows the full
solution. The scales chosen for T; and 75 are quite reasonable.

= 1
Tl — (1) wp = \/k‘/M
= 1
T, = (_1) wa = /(k + 2r)/M

i
I
/N
M
3
N—
I
VR
— =
I~
—_
N———

x1 = M+ 1 = Djcos(wit + ¢1) + Ds cos(wat + ¢o)
To = m —ne = Dycos(wit + ¢1) — Dy cos(wat + ¢o)

o 1/1 1
_1__
g _2(1 —1)

i=T2
1

m = 5(:1:1—1-@) = D cos(wit + ¢)
1

Ny = 5(:1:1—;152) = Dy cos(wat + ¢3)

Here, T is almost_orthogonal. Had we divided each i by v/2, another reasonable
choice for scales, T" would have become orthogonal.

6In some cases, the eigenvalue problem may yield a degenerate eigenvalue. For instance, a doubly
degenerate eigenvalue corresponds to w; = w; for a certain pair of 4, j. In this case, any two linearly
independent vectors in a plane specified by the eigenvalue equation can be chosen.
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16.2.5 Summary
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