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Lecture Notes: January 9, Thurs, Lecture 2

Schrodinger Equation Expressions for a Particle in 1-D Infinite and 3-D Infinite Potential
Wells and Hydrogen Atom in 3D
Objectives:

e Express Schrodinger Equations for a particle at bound states in 1D (x) and 3D (X, v, z)
infinite wells. Describe quantized energy states and wave functions for infinite potential
wells. Understand energy degeneracies.

e Express the time independent Schrodinger Equation for the hydrogen atom in (r, 8, ¢)

e Apply the separation of variables method to come up with three equations.

We have the time-independent Schrodinger Equation:

WO L () () = E () (e2.1)

2m  9x2

Bound States represent cases when a particle’s wave function is limited to a finite region of
space by the potential energy, U(x). We will consider wave functions and energies three such
cases:

e Infinite Well where U(x) = |_T
e Finite Well where U(x) = L

A Particle with E in a 1 Dimensional Infinite Well

(0] (0]
A A
U(x)
00 x<0
U(x):{O 0< x<L
0 x=>1L
0 L X

Where x < 0, wave functions CANNOT exist since the potential is infinity. > ¥,<,(x) =0
Where x > L, wave functions CANNOT exist since the potential is infinity 2 ¢, (x) =0
Where 0 < x < L, put U(x) = 0 into the time-independent Schrodinger Equation (e2.1),

ON® _Ey)  (e2.2)

2m  9x?

2mE
hz

9%P(x) _ —2mE

P () =—k*P(x) wherek =

(e2.3)
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Since the wave function has to be confined inside the infinite well, we can consider
sin(kx) or cos(kx) that satisfy (€2.2) as Ygcy<r (X).

BUT, since ¥ (x) needs to be continuous which means
e Y,.o(x =0)=0-> We take only sin(kx) for Yy« (x) (drop cos(kx))
o Yo (x=0) =0 Pgeye (x = L) = sin(kL) = 0 gives energy quantization rules

kL = ZZLEL =nm  wheren=1,2 3 etc. (e2.4)
2
E= % Energy quantization (e2.5)

e Normalization

Yoexer () = Asin(kx) = A sin()

L L . 2 L 2
Jo Wo<x<r(0)? =1 = A? ['sin (nnx) dx= A2 > A= \/; (e2.6)

L

THEREFORE,
e Wave function: Yocy<;, (x) = \E sin(?)
e EnergyE = "ZZZL:‘Z
o2 oo
2 hZ
EMm=3)=9
En=3) 2mL?
2 hz
(n=2) 2ml?
En=12)
2 hZ
E(n=1)=1
E@=1) M=D=1or
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Schrodinger Equation in three dimensions using (X, Y, z) coordinates

L IVED L YW ) = ih P20 > T g2y (7,0 + U@W (R, 0) = ih 20D
- - 92 92
In (x,v,z) coordinates, ¥ = (x,y,2), V> = — + Pl
The time-dependent Schrodinger Equation Is:
- VZW(x O+ U@V (Z,0) = ik M (€2.7)
Normalization: [ |¥ (X,t)|?dV =1
The time-independent Schrodinger Equation is:
—flz — - - -
o VY@ +UEY (D) =E Y@ (e2.8)

02 02 02 2m
(axz + dy? + 622>¢ (x,y,2) = __(E UCx,y,2))Y (x,y,2)

A particle with E in a 3 Dimensional Infinite Well

0 0<x<Ly,0<y<L,.0<z<IL,
00 otherwise

U :{

The 3D infinite well problem is an extension of the 1D
infinite well problem in all three direcitons, because we
can separate wave functions as

> T Y@ =9y )= FOGCOH(EZ)  (e2.9)

If we put (e2.9) into (e2.8), we get

1 9%*F(%) 1 8%G(y)) 1 62H(z)__ 2mE
F(x) 0x2 G(y) ay>? H(z) 0z2 (€2.10)

(dF—(x) C,F(x) = F(x) = A, smn"”x

dx?
aac
LY = 6,600 -6 =
dH(z) _
dz2

(€2.11)

= C,H(z) > H(z) = A, sin an

3
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Put (e2.11) into (e2.10)

nin? njn®  nZmg? _ 2mE > F ([ nZ n} nZ \ n?h? 212
1.2 1.2z 1z~ Tp2 (nxnyng) — L2+L2+L_Z om (e- )
X y z X y z

- Energy Quantized!

NyX N,y  N,NZ

Y (x,y,z) = F(x)G(y)H(z) = A sin sin sin
L, L, L,

e Lowest Energy State is (n,,n,,n,) = (1,1,1)
12 12 12 th
o Boan=(ati+iz)’

2m
= in = sin™ sin ™
o P11 =4 sin L sin ysm L

Degeneracy occurs when different wave functions have the same energy.
When L, =L, =L, =1L

We can see that
2 2 2 71'2fl2 71'2fl2 -
e Eq1pn=0Q°+1°+1 )(—) =3 (=—3) = One wave function y(; ; 1) =

2mL2 2mL2

A sin % sin % sin % (nondegenerate)

= = = (22 2 N A A 22
e Eginy=Eaz1)=Ea1z2=0Q°+ 1°+ 1 )(Zm_LZ) — 6 (szz)
(Wi =4 sinz%xsin"%sin%

. . MX . 2my . TZ
- 3 wave functions ! Yz = A SstmTysmT

L. MX . MYy . 2
= A sin—sin—=sin—
V(1,1,2) - sin—sin—

(degenerate)

Degeneracy = 3 (# of different wave functions that correspond to the same energy)

Consider an electron in a cubic 3D infinite well of 1 nm at the E(, ; 1ystate

e Calculate the E(, ; 1yvalue
_ w?h?\ _ 0 P o T2(1.055x1073% Jsec) 2
° Egin =6 ( )_ @°+ 17+ 1 )2(9.11x10‘31kg)(10‘9 m)2

2mlL?

=3.62x10717] = 2.26 eV (the same as E(121) = E(1,1,2))
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electron mass = 9.11x 107 3'kg
Where h = 1.055x10734]sec and 1eV =1.602x107?]

L=10"°m
e Probability density

2 2 )
o |1/’(2,1,1)|2 = A? (sin 2?) (sin ”L—y) (sin %)
Since the value of (sinf)? is highest when 8 = ~m, >, etc., the probability
L 3L
(x=t 2
4 4

density will be highest when 4 y =
7 =

NI~

Consider L, = L, = L, L, = .9 L (that is, a slightly nonsymmetric box along the z axis)
e With the perfect symmetry (Ly = L, = L, = L), Ez1,1) = Ea21) = E2)
e With the change in symmetry,
12 12 12 2h2 2h2 ZhZ
o Eqin = (5+ 5+ 55)(50)=@+1+123) (25) =323 (1)

9212 2m 2mL 2mL2
22 12 12 w2h?\ _ wih?\ _
o Egan =Eaon = (m+ 5t gup) () =4+ 14123 (35) =
w2 h?
6.23 (ZmLZ)

o Buan = (+ 5+ 5a) ()= @ 1+492) (75) =692 (375)

e FEnergy Split
& E112)

—_————

Ei111)
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Hydrogen Atom in 3-D
The potential energy of the electron in the hydrogen atom (= Coulomb potential energy between
two charges: (+e) of the proton and (-e) of the electron separated by r).

1 —e?

— (e2.13)

4mEy T

Ulr) =

Since this potential has a spherical symmetry, to make solving the Schrodinger Equation easier,
we choose the spherical polar coordinate system.

z xy,z) < (6,¢)

in6d
rsin 6do (r: \/x2+ Y2+ 22
¢ = tan™?

dr 0 = cos™?!

RINR |

Volume element
dV=r?sin® do do dr

x = rsinfcosp
y =rsinfsin ¢
z = rcosf

The time independent Schrodinger Equation for the hydrogen atom (an electron + a proton)
g U@ D =EYE)  (e210)

V2 can be expressed as follows:

In(x,y,2),
92 92 92
2 _
ve= 6x2+ 6y2+ 0z

In(r,0,9¢),

V2_1[6<26>+ 60<‘66>+ 20 d
=3 arr pm csc 50 sin 50 csc rE

PelO(22) ) 18 (g o), 1o

T2 or or r2sinf 00 r25in20 92

In (x, y, z), the time independent Schrodinger Equation (e2.14) becomes

62 N 02 N 62 ( )+ ’ ( )_ )
2T a2 T 37) Y @D+ UGy Y (ny,2) =

mE
hz ll} (X, yr Z)
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In (r, 8, ¢), the time independent Schrodinger Equation (e2.14) becomes

;_:lrjrlz[%(rz %) +$660 (S o ) sm29 ad)z]lp(r 9, ('b) +U() l/)(T d ¢) B EI[)(T 9 ¢)

Then, put the partial derivertivees in 8 and ¢ on one side and the radial partial derivertive on
the other side of the equation:

_p2 1 6(26)+ 1 6( 96)
2m r2 | or\" or sin 06

sin20 6(,1)2] Y=>E-UY

6(26)+ 1 6(,66>+ 1 0?2 B 2mr2(E 0)
r ' st sin?6 d¢? V= h? 4

0 0 1 0 d 1 02 2mr?
—(TZ—)¢+,——(Sln9—lp>+ m@l,b:——hz (E—U)ll)

or or sinf 00 00
1 0 . ad 1 0% o i 2 i _ 2mr? B
sind 96 (Slne %) 1/) T sin20 ?& - [ or (T‘ ar) h2 (E U)] l/) (62.15)

Separation of variables
Y(r,6,¢) = R(r)0(6)®(¢p) - for shorthand p = ROD

9 0 50 2mr?
sinf 96 (Slne ) RG)CD + 29 a¢2 RG)CD - [ ar (T' aT) (E U)] R@d)
oY OR
— = P —
ar © ar
oY 00
a0~ %%
0% _ro 0%
a2  d¢>2

After substituting ¥ (r, 8, p)with R(r)0(68)P(¢), (e2.15) becomes:

9 1 9% 3 ( 50R\  2mr? .
sin@ 69( ind ) Resinzeﬁ_ 0P or (T 6r) h2 (E U) RO®D (6‘2.16)

Divide (€2.16) by RO®

1 9 (. 1 00 19 ( 70R mr? _
= (sin02) + = —=-22 T i 2 (r228) =2 (B - U) = C (Constant) (2.17)
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Consider C is —I(l + 1), then each side of the equation (e2.17) should be the same constant of
—Il(1+1).

( 2
_%aa_r(rz a_R> A E_um) =C= I+ 1) - (e2.18)a

or h?
L 19 (s ea®)+ L1 % 041> (e2.18)b
—_—_— — — _— = = — - .
0 sind 90\°""V 90) T ®sin260 942 ¢
Divide both sides of (€2.18)b by csc?8 (or multiply sin?6 since csc = si:ze )
1, o ( . 00 1 9% .
551119 £(5m9 5) rerPo [(l+1)sin“6 (e2.19)
Arrange (e2.19) to separate the partial derivative of 6 and that of ¢
1 . o ( . 00 oy 10%
5 5iné — (sm9 %) + (I + 1)sin“0 = 992 (e2.20)

= m; (another constant)

Three equations can be derived from the time independent Schrodinger Equation (e2.14)

( 0*® N
W = —mldb
0 00
{ . e . e 20 _ 2 —
sin@ 50 (sm@ 69) + [I(l + 1)sin“8 —m;]0 =0
0 OR\ 2mr?
( 2 ) S (E-UM)R -1+ 1R =0

\or ' or h2



