PHY102, 2013W | 1
Lee, H.-S.

PH102, 2013W, Lecture Notes: January 22, Tues, Class 5

Invariance and Conservation, orbital and spin angular momentum quantization, LS coupling,
and Periodic table
Obijectives:
e Determine translational and rotational invariance and corresponding linear and angular
momentum conservation for a given Hamiltonian of a system.
e Define what the Spin angular momentum represents and how it is quantized.
e Define the total angular momentum, how it is quantized, and how it is related to L and S.
e Understand what LS coupling represents and how it is done.
e Understand Pauli exclusion principle and apply it to bosons and fermions
e Recognize patterns in the periodic table and connect them to underlying causes.

Invariance and Conservation
The translation invariance means that the Hamiltonian is translationally invariant. The rotational
invariance means that the Hamiltonian is rotationally invariant.

The formal definition of the translational invariance is that H(x,y,z) = H(x + a,y +
b,z + c) for any constants a, b, c, where x, y, z are the Cartesian coordinates. The formal
definition of the rotational invariance is that H(r, 6, ¢) = H(r,0 + a, ¢ + b) for any
constants a, b, where r, 8, ¢ are spherical coordinates.

First, note that
H =T (kinetic energy) + U (potential energy).
The kinetic energy is both translationally and rotationally invariant.

The potential energy is translationally invariant if it is independent of x, y, z when it is expressed
as a function of the Cartesian coordinates, x, y, z. (If the potential is independent of a certain
Cartesian coordinate only, then the system is partially translationally invariant.)

The potential energy is rotationally invariant if it is independent of 8, ¢, when it is expressed as a
function of the spherical coordinates, r, 8, ¢. (If the potential is independent of one angle only
(like @), then the system is partially rotationally invariant.)

It the system is translationally invariant, then the momentum is conserved. In QM, this means
that the Hamiltonian eigenstate can be written as a momentum eigenstate (e*** for example).

If the system is rotationally invariant, then the angular momentum is conserved. In QM, this
means that the Hamiltonian eigenstate can be written as an angular momentum eigenstate

(Y (6, ¢) or e™?).

Let’s compare Hamiltonian operators for a particle in a 3d infinite box and for an electron in the
hydrogen atom.
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Schrodinger Equation: % Vi () + U@ Y (X) = E P(X)
32
Hamiltonian: H = % V2 +U(X)

0 0<x<Ly,0<y<L,.0<z<IL,

oo otherwise
1 —e?

For the 3d Infinite box U (X) = {

For the hydrogen atom U(r) =

4mey T

3d infinite box:
Potential is dependent on position of the box, so the Hamiltonian of the system is not invariant
under translation moving in any one of three directions, X, vy, z.
Since
X = rcos¢ sind
y =rsin¢ cos 6 the box potential is not invariant under rotation.

Z =rcosfO
This means that the linear momentum and the angular momentum of a particle moving inside the

3d box will not be conserved.

However, one may add the following observation. [We will discuss about the x direction only.
Other directions can be included in a similar way.] In free space, where the translational
invariance is valid, the Hamiltonian eigenstate can be written as exp(ikx), which is observed as
the momentum eigenstate, since p, = —ihd/dx: p, exp(ikx) = hk exp(ikx). Observe that

exp (ikx) and exp (—ikx) have the same energy eigenvalue. In an infinite potential well, these
eikx_e—i

k
two states can be mixed to give sin(kx) = Tx which can be made to vanish at x = 0 and

x = L,, as required by the boundary condition. Still the energy value of this new state, sin(kx),
is unchanged from that of e™** or e =™ in free space. The only difference is that k cannot be
arbitrary — it is now discrete, instead of being continuous!

Hydrogen Atom:

Potential is dependent on r only where r = \/xz + y? + z2.Sincer is dependent on X, y, and z,
the Hamiltonian of the hydrogen atom is not translationally invariant, but is rotationally
invariant. As a result, the linear momentum is not conserved but the angular momentum is
conserved. This can be shown that the angular momentum operators, L and Lz have the
engenfunctions of Hamitonian:

Hlpn,l,ml = Enlpn,l,ml
Lzlpn,l,ml = 1+ 1)h2¢n,l,ml
Lzl/)n,l,ml = mlhl/)n,l,ml
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Why Spin?

An electron revolving around a nucleus in an atom can be
considered as a minute current loop and has a magnetic field

of a magnetic dipole ji. In an external B (magnetic) field,
the potential of the magnetic dipole can be defined as:

g
T G N d

ince i = — (=)L o
Since i = (Zm) L <
Why? The magnetic moment of a current loop is
u=i(nr?) = —e (L) (nr?) = —e (ﬁ) = _i
2nr 2 2m

The force exerting on the magnetic dipole is

F=-V(—ji-B)=- (—)L B p = (i) (myh 6522 2 wherem; = —, ..., +L

2m/) % 9z

./ e

B = B,2 Since L, =

In a uniform B field, there is no force exerting on the
magnetic dipole. In a non-uniform B field, the force
varies by m;.

If =0 & m,;.= 0 - no orbital motion = no
magnetic moment = one spectral line

| —— Screen
\r\
e \
Path of :
S atom beam \\J/Jr
{ = 0 expectation £ = 0 observation

However, the Stern-Gerlach experiment shows that two
split lines are present when 1=0.

When the spin angular momentum is considered, then the electron in the atomic beam in the
experiment can be solved by replacing —pu with i, = —%5?

PV (i B) = - ()5, 207 = - (2) on?
justified!

= + - two lines
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To account for this, an intrinsic angular momentum called Spin (S) was introduced by Goudsmit
and Uhlenbeck in 1925:

OR

The intrinsic angular momentum is one of
fundamental properties of a particle such as mass and
charge.
o Fermions (Half-integral spin): Electron,
proton, neutron, neutrino, and Omega = %
o Bosons (integral spin): pion and alpha particle
=0 Yah
o Bosons: Photon, Deutron = 1
Magnitude of S, |_§|: s(s+1)n
(e.g.electron |—§| = ?h)
Direction is quantized by S, = msa where mg =
—s,.—s+1,..s —1,s (e.g. electron -1/2 and 1/2)
A given particle has intrinsic magnetic dipole moment
due to its intrinsic angular momentum:
s = g%§ (e.g. electron fi, = —%§)
Spin is not classical, so an analogy of rotating its own ~ ~**
axis does not properly describe it.
Now the wave function for the Schrodinger Equation

can be completely described using four quantum
numbers, n, [, m;, mq.

lpn,l,ml,ms = lpn,l,ml (r, 8, p)mg

11[} 1 = lpn,l,ml(r' 01 ¢) T

2

1= lpn,l,ml(r' 0,¢) 1

lpn,l,ml,—z
Spin should increase the degeneracy in the hydrogen atom. The number of states with the
same n would increase the degeneracy from n? to 2n?. But, due to interactions between
orbital and spin angular momentums, degeneracy can be broken.

Photon’s Spin is 1. When an atom undergoes a transition in which a photon is produced, there
is a limit on how much the atom’s angular momentum can change: no more than 1, which

creating selection rules for spectral emissions.

nlmy+

Spin-Orbit Coupling (Spin-Orbit Interaction) OR LS Coupling

In a weak external magnetic field where the external magnetic field does not overwhelm the magnetic

field internal to the atom, we do not observe separate quantization of L and S. Rather, we observe the
combined angular momentum:

Total Angular Momentum (/) J=L+ S
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m: jGg+ Dh wherej = |l—s|,|l—s|+1,..|/l+s|—1,|l+s]
J, = mjh where mj = —j,—j+1,..,j—1,j

J.= L %S,

mjh = mh + msh

-

|L| = Vil+ Dh  wherel=0,1,2,..n—1

L, = mh wherem; =—I,—-1l+1,..1— 1,1
|§| = /s(s+ 1Dh where s is a number intrinsic to a given particle
S, = msh wheremg = —s,—s+1,..s —1,s

e In astrong magnetic field, LS coupling breaks. In that case, L and S are independently
quantized.

e Good quantum numbers refer to quantities which can be assigned simultaneously to describe a
quantum system at any time. In a weak B field, n, [, j, m; are good quantum numbers. In a
strong B field, n, [, m;, and mg are good quantum numbers.

e The effect of LS coupling is very small compared to the electron energies allowed in the
hydrogen atom around 2 x 107> eV. (compare this with -13.6 eV).--> the effect is observed in
the fine structure of hydrogen spectral lines. When L and S are aligned, the energy is slightly
higher than when L and S are anti-aligned.

Exercise: Identify the different total angular momentum states possible for [ = 2 and s = %
5

. 1 1 3
jcanbel+sorl—s—>2+2—(=z) OTZ_E(:E)

. 5 5 3 1 1 /3 5 = — 57 V35
* for}:;""h’:—5;—5,—5,+5,+5,+; Ul = +jG+ Dh =\/;fl=7h >
6 possible states (2j+1)

e forj=2om=-2-24242 [i= iGrDn = [22a="Lr>

4 possible states
e Atotal of 10 states are possible.

If we consider L and ?separately,
e For | =2 - 5 states are possible
e [Fors=1% -2 states are possible

e When adding L+ S, atotal of 5x2 = 10 states are possible. This number agrees to the
number of states possible with J.
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Periodic Table
Goup 1 2 3 4 &5 & 7 8 9 10 1M1 12 13 14 15 16 17 1IEI

Period[q 2
1 2 Man hetals & Moble Gazes .

1 @ Alkali Metalz 2 Metalloids E 3 = =
2 . D Alkaline Metals @ Halogens ..
@ Tranzition Metals 2 Other Metals B |C | N Ne
(@ Rare Earth Elements 14 15
3 Si| P
3 33
4 Ge || As
B0 (51
] Sn || Sb
82 |83
b Pb | Bi
13 | 114 || 115
7 Hﬂ Uut [Uug|Uup|Uuh

oo (G | | Na B S [Eu |G [T | By [ Ho| Er [7in] Vo [ 14
tinites [y ]G | [P [ G 1 [ 6 [P o

We need to find out how to put an electron as the atomic number increases in such a way that
atoms in a certain group share similar chemical behaviors. If all electrons can occupy the same

guantum state, then it is hard to imagine when a small change in the number of electrons gives

rise to such distinct chemical behaviors with which we are familiar.

What is known:
e We know how many electrons each atom has
We know electrons move in orbitals determined by n, [, m;.
We know energy level (n) limits what types of orbitals (I) an electron can be in
We know each | orbital has 21+1 possible m, states for an electron can occupy
We know an electron has a spin resulting in 2 possible spin states for each of the 21+1
possible orbitals. Therefore, for each n, 2n’ different states exist.
We need to know rules for
e How to stack electrons across all orbitals = exclusion principle: Pauli, “no two electrons
in an atom can exist in the same quantum state” each electron must have a different set of
guantum numbers (n, I, m;, and m).

e How to construct wave functions when multiple electrons present surrounding one
nucleus - identical particle treatment

Identical Particles

If an electron’s wave function is (1), another 1 (2), another y(3), etc.
The total wave function of the system of n particles can be represented as

¥(1,2,3,..1) =pWyY2) p(3) ... ()
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Let’s consider a two particle system:
Particle 1’s wave function =1 (1)
Particle 2’s wave function =y (2)

Consider Particles 1 and 2 are identical, there is no difference in probability density when
exchanged

¥(1,2)]* = [P,

There are two ways to satisfy this condition:
¥(1,2) =9(2,1)
Y(1,2) = —y(2,1)

Write (1,2) = p(Dy(2) and ¥(2,1) = P(2)1(1)

When Particle 1 is in n state and Particle 2 is in n’state

l/)I = l/)n (1)¢n' (2)

When Particle 2 is in n state and Particle 1 is in n’state

Y = Py (2)¢n’ (1

We have no way of knowing whether y;or y,; is right, we combine both wave functions in
such a way that meet

[¥(1,2)]* = [p(2D|

1

ﬁ [V (D (2) + r(2)9, (1]

1:l}Symmetric

1
lpAnti—Symmetric = ﬁ [lpn(l)lpn’(z) — Yy (2)11111’ (1)]

l'l)Symmetric satisfies 1/)(1:2) = zp(2,1) :
1nbAnti—Symmetric satisfies lp(l,Z) = —z/)(2,1)
Bosons of which spins are an integer satisfies Ysymmetric

e Systems of bosons are described by wave functions that are symmetric upon the
exchange of any pair of bosons.

Fermions of which spins are halfinteger satisfies Y 4n¢i—symmetric > EXClusion principle applies.

o Whenn =n',Ynti—symmetric = 0. = this cannot be the case - no two electrons can
occupy the same quantum state.

e Systems of fermions are described by wave functions that reverse sign upon the exchange

of any pair of electrons.

e The anti-symmetric state has a lower energy because two fermions are farther apart,
reducing the repulsive energy between the two.

e The exclusion principle applies only two indistinguishable fermions, that is

8
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o Particles should be of the same fermion type
o Share the same space.

Periodic Table

Two basic rules to determine the electron configuration in many-electron atoms:
e A system of particles is stable when its total energy is a minimum

e Only one electron can exist in any particular quantum state in an atom (exclusion
principle).

Determining what quantum state has lower energy?
e When nis lower.
e With a given n, when I is lower.

Why? At a given n state, a lower | state has less orbital kinetic energy and more radial
energy. Therefore, more anti-nodes exist. This makes the probability density to fluctuate
closer to and farther away from the nucleus. Since the Coulomb interaction is
proportional to 1/r, an electron in a lower | state will have a higher probability to get
closer to the nucleus where the charge of the nucleus is less shielded by the inner
electrons. That increases the magnitude of attractive potential energy, resulting in a lower
energy state. This means that the energy of 2s is lower than that of 2p.

e

c B tw

0 . Sa, 10a, 154, 20a, 250, ietmp=il0m a0 21,0 i, =0 )
.- —

o I a &

The graph on the next page shows how energy levels align with | orbitals in different n
states for a given atom (Z = the number of protons/electrons).

9
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e With a given |, parallel spin arrangements lower energy.

Why? Let’s consider two electrons in the 2p orbital. According to the exclusion principle
since electrons are indistinguishable fermions in an atom, the wave function that
describes both electrons should be antisymmetric.

When two electrons has a symmetric spin arrangement between electron 1 and electron 2, i.e.
T or 1!, we can write

a wave function where electron 1 occupies n state and electron occupies »’ state:

lp(l,Z) = lpn n'(l,Z) ™

If we exchange electron 1 and electron 2, a wave function becomes

l/J(Z,l) = lpn n’(ztl) ™

According to the exclusion principle,

P(1,2) = -9(21)

That is
Yo (1,2) 1= =9, (2,1) 11

¢n n’ (1'2) = _l/)n n’ (2'1)

If the two electrons are in the same spatial state, n = n’, then

¢nn(1,2) = _¢nn(2,1) =0

Therefore, the electrons do not occupy the same spatial quantum state. This means that two
electrons are farther apart, minimizing the repulsive Coulomb interaction between two electrons.
Therefore, the energy is decreased.
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If two electrons has an anti-symmetric spin arrangement between electron 1 and electron 2, i.e.,
T!, then we can write a wave function where electron 1 occupies n state and electron occupies n’
state:

Y(1,2) =y, (1,2) L
If we exchange electron 1 and electron 2, a wave function becomes

Y1) =y (2D 1T

According to the exclusion principle,

P(1,2) = -9(21)

That is
Yn(1,2) N = =,/ (2,1) 11

Since the spin quantum state is already antisymmetric arrangement, i.e. Tl =- 17T

We can have both electrons can have symmetric spatial quantum state arrangement

wn n’ (1,2) = lpn n’(z'l)

This allows two electrons to be in the same spatial quantum state, which will increase energy.
Therefore, electrons fill the same | state symmetrically first until all | orbitals are filled.

For example, in filling out p orbitals: 3 p orbitals to fill:

P, D, p,
Lower E T
T T
T T T
T T T
) T T T
ngher E ™ 1 M

Effective charge of the nucleus due to the screening of inner shell electrons:
i AT Electron shielding in Na and AR atoms. Each outer
oo ‘ \ electron in an Ar atom is acted upon by an effective
(L@}t nuclear charge 8 times greater than that acting upon
sl B the outer electron in a Na atom, even though the
e e outer electrons in both cases are in the n=3 shell.

©

11
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e Chemical behaviors are determined by the number of valence electrons (= the number
of electrons in the highest energy level allowed in a ground state of an atom).

e Noble gas: He (Z=2, n=1 shell filled), Ne (Z=10, n=2 shell filled), Ar (Z=18, n=3, 3s
and 3p shell filled), Kr (Z=36, 3s, 3p, 3d, 4s, 4p filled), Xe (Z=54, 4s, 4p, 4d, 5s and
5p filled), Rn (Z=86, 4s, 4p, 4d, 4f, 5s, 5p, 5d, 6s, 6p filled). Chemically inert.

e When there is one valence electron exists or one vacancy exists in the outermost
shell, atoms become vey active.

e As Zincreases, the Coulomb interaction increases between the nucleus and the
electrons, resulting in deeper energy levels (lower energy levels).
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e lonization energy: how much energy is necessary to take out one electron from an
atom. It is very difficult to get rid of an electron when the shell is filled. It is very
easy when fewer electrons exist in the outermost shell.

Figure 8.16 First ionization energies of the elements.
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