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PH102, 2012W, Lecture Notes: January 17, Thur, Class 4
Hydrogen Atom: Normalization, Electron whereabouts, spectral lines, and hydrogen-like
atoms
Obijectives:
e Recognize characteristics of radial and angular probability densities using n, |, m;.
e Extend the Schrodinger Equation solutions of the hydrogen atom to the hydrogenlike

atoms.
e Qualitatively understand relationships between various hydrogen atom models and

spectral lines.

Normalization

The probability density of the hydrogen atom can be written as:

hpn,l,mllz = R(r)ze(e)zq)(d))z

Normalization condition: [y, m,|* over all space (dV = r?sin8 drdfd¢)
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Electron whereabouts: Angular directions (0, ¢)
Angular Probability Density

21

d(P)idp =2m f:@(é’)zsine do =1

0(6)20(¢)% = Y, Y™

e The prObablllty denSity is a diffuse cloud Spread Figure 7.14 A crude correspondence to orbital
Oover space. motion.
e The probability density extends farther from the
origin (where the proton is) as n increases.
e The probability density should be symmetric

L:=1n
along the ¢ axis. '

e In s states where | = 0, the kinetic energy is N
solely radial, so the probability density is \J L
. . . . p - B
spherically symmetric. No orbital motion. ' § ol Q
[V \ L.=0 / L.=2h
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¢ Note that the electron is orbiting the place perpendicular to the direction of
L,.See Figure on the right.

e In p states where (I=1), three possible probability distributions: L, = 1,0, —1. See Figure
below.

e Ind states where (I1=2), five possible probability distributions L, = 2,1,0, -1, —2.

e |If 1=0, the probability is the Figure 7.13 Angular probability densities for a central force.
same in any direction. i

e There is no probability at the : fd
center when [ # 0. Take a e o ..,,'m |\ /
look at the p, d, f orbitals as o / ;)&
compared to s orbitals. In all By AN
I # 0 cases, as m, increases, 717\ / “\
the probability density R 7 o f ,
progressively changes from \J! i \_J
mostly along the z-axis to T S E=3,m=0
mostly in the xy-plane. See et ( ) s S
7.14. \ / \\//

e Inall m; # 0 cases, the X Sl
probability density is zero at ( "5 /) \
the z-axis, suggesting that ' VN

motion is more closely
restricted to the xy-plane.

e Allm; = +I cases have XN/ NN
equatorial lobes, suggesting ol %‘ /./-77*\‘;--\
orbit near the xy-plane and LA N O NI
becoming flatter as | €=1,m =0 ¢ =2,m, ==l t=3m =22
increases.
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Electron’s Whereabouts
Radial Probability Density
P(r)dr = R(r)?r?dr



15a,

Rn,l(r)

According to R, ;(r), there is a finite
probability at the center for all s orbitals
(1=0).

Radial probabilities, 4mr?R,,;(r)?, and
energies are drawn in the hydrogen atom’s
Coulomb potential on the right.

As n increases, the orbital radius
increases.

As n increases, the number of nodes in the
same | orbital increases.

When | = n-1, the most probable radius
can be shown to have

— A2
I n, 1=n-1 (most probable) = N“@o

That is,

I 10 (1S, most probable) = o
I 21 (2P, most probable) = 4@o
I 32 (3d, most probable) = 9ao

P(r) and energy

£y
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i
F‘&ngivenn.lowcr‘eissmﬂkr
rotational energy and larg

elliptical orbit, The 3s has three

radial antinodes,

"o Higher £ is like a cireular
orbit at a single radius. The
3d has only one antinode.

l

The most probable r value is different from the expected r value since

3
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dP(r) _ dr?Rn(r)?
- ar

The most probable r value is obtained when =0

And the expected r value is obtained when <r> = f0°°r TR, (r)*dr

e According to the radial probability distribution, the expected r value is larger than the
most probable r value for a given orbital.

Hydrogenlike Atom

Hydrogen like atoms are atoms containing one electron but with a nucleus more than a single
proton (Ze). The potential becomes

UG = 1 e-Ze 1 Ze?
T Tne, = r | dme, 1

Example: ionized Helium where the nucleus has a charge of +2e and the orbiting electron has a
charge of —e.

In that case,
_ m(eHe? 1, _ ( e? ) ( 1) _ 1
En hydrogen — 327t28(2)fl2 (nz - 811'80 ame, hz - 8megag) \n2 = 13.6 eV (nz)
_ m(Z%e 2)e ( ) _ ( Z%e? )(1) _ z?
En hydrogenlike — 322 th n2 - 8mey) \ane, hz - P— A = 13.6 eV (nz)

The most probable r vale for the orbital | =n—1
— 12
I, 1=n-1 (most probable) hydrogen — N-ap
12
I n,1=n-1 (most probable) hydrogenlike = En Ao

Bound energies are deeper by Z2, the orbital most probably radii smaller by%

Hydrogen Atom Spectral Lines

The electron in the hydrogen atom is allowed to have the following energy levels:

me4 1 _ eZ mez 1 _ eZ 1
En - 2(47T80)2fl2 ﬁ - 87'[80 4'7T€0h2 ﬁ - 81'[3 ao nZ - ( 13 6 EV)
Where a,(Bohr Radius) = =~ = 0.0529 nm = 0.529 A
0
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If the electron in the hydrogen atom occupies at a higher energy state, then the electron can
transition from the higher to the lower energy state by emiting the photon of which energy equals
the difference between the two energy states.

hc me* 1 1
Epnoton = 5= Einitiat = Efina1 = = 2(4meg)?h? (n%inal  uitia
1 me* ( 1 1 ) 1,097 x 107 m-1( 1 1 )
R — = . X m -
A 2(4meg)*h2he n]%inal Nnitial I% inal  Minitial

o When ns;,q = 1, Lyman Series (discovered
between 1905-1914)

e When ngi,q = 2, Balmer Series (in 1885)

e When ng,q = 3, Pachen Series (in 1908)

e When ng,q = 4, Brackett Series (in 1922)

e When ngy,q =5, Pfund Series (in 1924)

e When ngi,q = 6, Humphreys Series (in 1953)

Ly-c Ba-a Pa-a Era Pf-a Huoa
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ifies in a logarithmic scale (only the Balmer seffesis visible).

Hydrogen line spectrum: Balmer series

absorption
(white light backgro
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guantummechanics.ucsd.edu
Lyman Series (nfing = 1) Balmer Series (nfing = 2) Pachen Series ((nfinq = 3)
Ninitiqr (M) Ninitiqr M (M) Ninitial A (nm)
2 122 3 656 4 1870
3 103 4 486 5 1280
4 97.3 5 434 6 1090
5 95.0 6 410 7 1020
6 93.8 7 397 8 954

oo 91.2 oo 365 oo 820



