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Lecture Notes: January 13, Fri, Class 3

Schrodinger Equation Expressions for a Particle in 1-D Finite and 1-D Infinite Potential
Wells and 3-D Infinite Potential Well
Objectives:

e Write Schrodinger Equations for bound states such as infinite and finite potential wells.
Describe quantized energy states and wave functions for infinite and finite potential
wells.

e Express the time-independent Schrodinger Equation for a particle in a 3-dimensional
infinite well situation using (X, y, z) coordinates. Describe quantized energy states and
wave functions. Understand energy degeneracies.

We have the time-independent Schrodinger Equation:

—h? 9% (x) —

T oz T U@ Y(x) = Ep(x) (e2.1)
Bound States represent cases when a particle’s wave function is limited to a finite region of
space by the potential energy, U(x). We will consider wave functions and energies three such
cases:

e Infinite Well where U(x) = LT

e Finite Well where U(x) = L
2.1. Infinite Well (o) o0
A A
U(x)
o x<0
U(x):{ 0 0<x<L
0o x =L
0 L X

Where x < 0, wave functions CANNOT exist since the potential is infinity. > ¥,<,(x) =0
Where x > L, wave functions CANNOT exist since the potential is infinity 2 y,.,(x) =0
Where 0 < x < L, put U(x) = 0 into the time-independent Schrodinger Equation (e2.1),

—h% 9%P(x) _
5o —EY®) (e2.2)
2mE
hz

92 (x) _ —2mE
dx2 h2

Y(x)=—k?P(x) wherek = (e2.3)
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Since the wave function has to be confined inside the infinite well, we can consider
sin(kx) or cos(kx) that satisfy (€2.2) as Py (%).

BUT, since ¥ (x) needs to be continuous which means
e Y,.o(x =0)=0-> We take only sin(kx) for Yy« (x) (drop cos(kx))
o Yo (x=0) =0 Py (x = L) = sin(kL) = 0 gives energy quantization rules

kL = /ZZQEL =nm  wheren=1,2 3 etc. (e2.4)

n?m? h?

2mL2

E =

Energy quantization (e2.5)

e Normalization
) . nmx
Yocx<r (x) = Asin(kx) = A sm(T)

2
fOL [Yocxer (X)]? =1 = A? fOL sin (%) dx = Az% > A= \/% (e2.6)

THEREFORE,
e Wave function: Yocy<p, (x) = \/% sin(nLﬂ)
n2m? p?
e Energy E = p—
En=3)
En=2)

E@=1)
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2.2. Finite Well
Uy x<0
Ux)={ 0 0<x<L
Uy x =L

0 L X
where0 < x <L, ¥ = Ae** + Be=ik* wherek = |28
' 0<x<L — - 72
where x < 0, Yy<o should decay exponentially as x moves below zero = Ce®*
_ Zm(UO— E)
where a = —
where x > 0, Yyso should decay exponentially as x moves above L = De™%*
_ 2m(Ug— E)
where a = —

Since P (x) should be continuous everywhere, the following conditions should be met:

¢ Pro(x =0)=Pocr<y (X=0)

N dYx<o — WWo<x<L |
dx 'X=0 dx x=0
® Yocxar (X=L)=Yys (X=1L)
N AYo<x<tL — APzl |
dx x=L ax x=L

o ffow |¥(x)]? dx = (normalization condition)

This means, there are five equations to be solved for A, B, C, and D. An additional parameter has
to obey these relationships. That additional parameter is k (therefore E). Not all energy values
will meet all five equations.

Us
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2.3. Schrodinger Equation in three dimensions

—h2 2% (x,0)
2m 0x2

+U@P 0 =i 20 5 g2y 7,0+ U@DW (R, 0) = ih ZED

2 2
In (x,y, z) coordinates, ¥ = (x,y,z), V? = — + a_ + =

0z2

The time-dependent Schrodinger Equation IS:

6‘{J(x £)

V2 Y&, ) +UEVY (X,t)=ih (e2.7)
Normalization: [ |¥ (X,t)|?dV =1
The time-independent Schrodinger Equation is:
—hZ2 - - 4 =
vy @+ U@Y @) =E @) (e2.8)

2.4. The 3D Infinite Well

0<x<Ly,0<y<L,.0<z<L,
otherwise

oo’

The 3D infinite well problem is an extension of the 1D
infinite well problem in all three direcitons, because we
can separate wave functions as

Lf oY) = FOGCOH(z)  (e2.9)

If we put (e2.9) into (e2.8), we get

1 9%*F(x) 1 98%G(y)) 1 0°H(z) _  2mE
F(x) 0x2 G(y) 0y2? H(z) 0z2 (62.10)
dF(x) _ nxnx
— = C,F(x) » F(x) = A, sin
dG(y)
o= 660N -G = (€2.12)
d:(zz) C,H(z) » H(z) = A, sin nznz
Put (e2.11) into (e2.10)
nZn2  nin?  nZn% _ 2mE _(n: | N nZ \ m?h? .
7 Lyyz LT T 2> E= (E-I_ Ly_y2+E)W (e2.12) - Energy Quantized!
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e Lowest Energy State is (n,,ny,n,) = (1,1,1)
_ [ 1? 12 1?2\ n2h?
o Y11y =4 sin:—isin%sin”—j
Degeneracy occurs when different wave functions have the same energy.
When L, =L, =L, =1L
We can see that
252
e E=3 (;Tmfzz) > E(111) = One wave function ¢y, 1) = 4 sin%sint—ysin%
(nondegenerate)
m2h?
e E=6 (_ZmLz) 2E211) = E@qz21 = Eqa)
211) = A sin 22 sin = sin &
211 L L L
- 3 wave functions { Y1,1) = A sin%sinz%sin%
— 4 sin™ sin ™ ¢in 2™
Y(1,1,2) = A sin - Sin—=sin—
(degenerate)

Degeneracy = 3 (# of different wave functions that correspond to the same energy)



